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Fig. 1. We introduce a technique that estimates and differentiates the variance of Monte Carlo rendering processes. This example features an animated
scene with a whale swimming underwater, lit by one environmental and two area lights. Based on our technique, we jointly optimize the roughness of the
water surface as well as the sampling probability of the three light sources (using one frame of the animation). When rendered using a unidirectional path
tracer with 16384 samples per pixel, the optimized configuration produces significantly better results. Converged renderings for Frame 180 demonstrate the
roughening of the water surface produced by our optimization. Please refer to the supplement to view the full animations.

Monte Carlo methods have been widely adopted in physics-based rendering.
A key property of a Monte Carlo estimator is its variance, which dictates the
convergence rate of the estimator. In this paper, we devise a mathematical
formulation for derivatives of rendering variance with respect to not only
scene parameters (e.g., surface roughness) but also sampling probabilities.
Based on this formulation, we introduce unbiased Monte Carlo estimators for
those derivatives. Our theory and algorithm enable variance-aware inverse
rendering which alters a virtual scene and/or an estimator in an optimal
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way to offer a good balance between bias and variance. We evaluate our
technique using several synthetic examples.
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1 Introduction

Physically-based forward rendering focuses on numerically comput-
ing radiometric measurements in fully described virtual scenes. To
this end, Monte Carlo methods (e.g., path tracing), which work by
averaging contributions of randomly traced light paths have long
been a “gold standard”, thanks to their capabilities of accurately
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simulating complex light transport e ects (e.g., soft shadow and where discontinuities are tracked and handled at the path level. Re-
interre ection). cently, specialized methods [Yan et 2D22; Zhang et a023] have

Di erentiable renderingon the other hand, concerns with esti-  been developed to better importance sample these path integrals.
mating derivatives of forward-rendering results. Recently, great The second class of methods [Loubet et24119; Bangaru et 22020;
progress has been made in di erentiable rendering [Li et2018; Xu et al 2023] reparameterize boundary integrals and avoid explicit
Zhang et al 2020; Bangaru et a2020], resulting in e cient and handling of discontinuity boundaries altogether.
general-purpose di erentiable rendering techniques capable of dif- Unfortunately, most, if not all, existing di erentiable rendering
ferentiating with respect to a wide range of scene parameters in- techniques focus on derivatives of (converged) rendering estimates

cluding material properties and object geometries. (e.g., pixel values) rather than their variances. In this paper, we
A key property of any Monte Carlo forward or di erentiable bridge this gap by adopting the formulation by Zhang et f2020]
rendering technique is ityariancewhich largely determines the to establish a general mathematical framework for the derivatives

number of random samples needed for producing clean results. of rendering variances.
Consequently, variance reduction has been a central research topic

for both forward and di erentiable rendering [Zhang et aR021; Variance-aware forward renderingariance reduction has been

Vicini et al. 2021; Zhang et al. 2023]. a long-standing topic in Monte Carlo forward rendering. Among
Due to the importance of variance, several methods [Durand the very large body of works on this topic, several recent methods

2011; Subr and Kautz 2013; Pilleboue e2@l 5] most of which leverage variance information to enhance various aspects including

leverage Monte Carlo techniques themselves have been introduced multiple importance sampling [Grittmann et a019] and path
to estimate the variance of Monte Carlo rendering processes. On guiding [Rath et al2020]. Our technique is largely orthogonal to
the other hand, estimating the derivatives of rendering variance these methods.

has been largely under-explored As we will demonstrate, naively

applying automatic di erentiation (AD) to (forward) variance esti- Path-space regularizatioAs a potential application of our theory,
mation procedures generally yields incorrect results, also known as path-space regularization concerns with modifying path sampling
bias in derivatives strategies so that rendering variance is greatly reduced while in-

In this paper, we bridge this gap by establishing a new di erential ~ troducing minimal bias. Previously, several techniques [Kaplanyan
formulation for rendering variance. An important application of ~ and Dachsbacher 2013; Jendersie and Grosch 2019] have been in-
our technigue isvariance-aware inverse rendetimgich enables troduced to regularize the sampling of micro-facet distributions by
the altering of virtual scenes and/or Monte Carlo estimators to o er  leveraging strategic use of molli ers for Dirac deltas.

a good balance betwegendering variancandrendering bias The path-space regularization technique that is most relevant to

Concretely, our contributions include: ours is the one by Weier et a]J2021] which reduces rendering vari-

Devising a novel mathematical formulation for derivatives of ~ance by altering surface roughness at selected vertices of each light

rendering variances with respect to both scene parameters and path. This technique formulates the search of optimal roughness
sampling probabilities (Y4): values as a variance-aware inverse rendering problem and lever-

ages di erentiable rendering to solve the optimization e ciently.
Discussing the estimation and di erentiation of variance-aware  ynfortunately, they rely on highly biased variance estimates which,
losses and introducing the concept of variance-aware inverse s we will show in Y4 and Y6, can lead to unreliable optimization.
rendering (Y5).
We validate our technique by comparing our variance derivative 3  preliminaries
estimates to references obtained using nite di erences. Further, we
demonstrate the usefulness of our technique using several synthetic
inverse-rendering examples.

We now revisit some preliminaries in Monte Carlo rendering (Y3.1)
and the estimation of rendering variance (Y3.2).

2 Related Works 3.1 Path Integrals

Di erentiable renderingRecently, great progresses have been In physics-based (forward) rendering, the response of a radiometric
made in physics-based di erentiable rendering. We discuss most detector is typically formulated as path integral [Veach 1997] of
relevant techniques in the following and refer the readers to online  the form:
course materials (e.g., [Zhao et @D20]) for a more comprehensive 1
overview. = 5Ixod 1x% 1)

A main challenge toward the development of general-purpose
di erentiable rendering technigues has been the di erentiation with
respect to scene geometry which generally requires calculating
additional boundary integrals. X = Ixgex1e " " "x# © is alight path wherexgp andxy reside on

To address this problem, two classes of techniques have been a light source and the detector, respectively;
introduced. The rst class directly samples discontinuity bound-
aries [Li et al 2018; Zhang et aR020]. Speci cally, Zhang et al
[2020] have introduced the formulation afi erential path integrals " is the area-product measure.

where:

is the path space comprised of all nite-length light paths;
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Additionally, 5 is the measurement contribution function  de-
ned as
|
1 '
51x0 =1¢lxg X1° IX=$ x= 1°
. == '
1 '
BiX=1 X= X=1°, eMX# 1 Xz% (2)
==1

where:! ¢ and, ¢ denote thesource emission and detector re-
sponse functions, respectively; is thegeometric term ; & indi-
cates thebidirectional scattering distribution function (BSDF).

Based on the path-integral formulatiofl), the detector response
can be estimated using Monte Carlo estimation in an unbiased
fashion via E10

hi = @- (©)]

wherex is light path randomly drawn with the probability density
@(such that@x° j 0for all x with 51x° < Q).

3.2 Estimating Rendering Variance

The variancé/ » hi¥of the estimatorh i from Eq.(3)satis es that [Pe-
goraro 2016, Y4.4.6]

V»hivi=E hi® E?»hiva=E hi?2 2 4)
where the second momertt» hi 2¥is given by
2 1
5ixe
i2 - od 140 = 1% 0 " 1x0e
E hi @x @x°d" 1x xod" 1x (5)
with 5 being the measurement contribution de ned in Eqg. (2) and
521Xo
10 := i 6
o (6)
Given Eq(5), the second momer» hi 2/can be estimated using
1y 0 5210
E hi2 = ==_". 7
! @x°  @x° @

wherex is a path randomly drawn with the probability densitg
Further, when the rst momentE»hi¥a= is known, the vari-
anceV »hi%can be estimated using

5 521X°

- @1)(0 2 (8)

On the other hand, when itself needs to be estimated using K8§),
we will need two independenpath samplesciex2 to obtain an
unbiased estimate of. When reusing these samples for the second
momentE» hi 2%we obtain the following Monte Carlo estimator:

1 52110 52130 51x1° 51xo°
h »hivai= = L s Z L Z
2 @x1°° @%x° @x1° @x2°

4 Di erentiating Rendering Variance

Lethi be a Monte Carlo estimator de ned in E§B)and\ 2 Rbe a
parametet controlling the scene (that is being rendered hy) or
the path sampling process. We consider the problem of di erentiat-
ing the rendering variancé&/ » hi¥zde ned in Eq.(4)with respect to

W »hivai= E hi?2

9)

1We assume the parameterto be scalar-valued for notational simplicity. All results
derived in this paper generalize naturally to vector-valued parameters.
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\', which largely amounts to deriving the derivatives ofand the
second momenEx»hi 24

mE h|2 ”

mVshive 2tmeo,

(10)

Smoothness assumptiofe.facilitate the derivation of the deriva-
tivesm andm E»hi 21/,we assume the source emissiostxg X1,
detectorresponsg e'xy 1 X#° and BSDRx= 1 X= X= 1°
to all be O with respect to the path verticeggex1e”” "x4 . This
assumption has been made by most, if not all, state-of-the-art dif-
ferentiable rendering techniques (e.g., [Zhang et28120; Bangaru
et al. 2020; Vicini et al. 2021, 2022]).

In addition, we assume that the probability densi@is © except
across visibility boundaries. This is a mild assumption that usually
holds in practice, and we will further discuss in Y4.2.

4.1 Our Derivation

We now derive Eq(10)when the parameteY 2 R controls the scene
(e.g., the roughness of a surface or the size of an area light) and/or the
sampling process (e.g., the probability mass for sampling a speci c
light source). In general, can a ectthe measurement contributiof

and the path space in Eg.(1), as well as the probabilit@n Eq.(3).

Material-form reparameterizationVhen the path space de-
pendson , di erentiating path integrals over this space with respect
to\ becomes more challenging since discontinuities of the mea-
surement contribution can evolve with. To address this problem,
Zhang et al[2020] have proposed to reparameterize the evolving
path space 1\ °with a xed reference path space " using a prede-
termined one-to-one mapping\ ° : " 71 1\ °which transforms
eachmaterial path p 2 " into aspatial path x = Xtpe\® 2 1\°,

To this end, given a material path = *pge”""py °, its spatial
representationx = Xtpe\° = 1xge””""x% ° is obtained by trans-
forming each path vertex using= = X'p_+\°, whereXt «\° is a
one-to-one mapping from someference surfagehich de nes the
xed reference space") to the evolving surfacef the scene (which
de nes the path space 1\ °).

In practice, when evaluating derivatives at=\ g (for some xed
\ 0), the reference surface is normally chosen as the evolving surface
at\ =\g. This causes the reference path spa’beao coincide with
evolving one at\ =\q: That s, " = 1,(°. For more details,
please refer to the work by Zhang et al. [2020].

Di erentiating . The derivativemy can be obtained using the
di erential path integral formulation [Zhang et al2020] which we
brie y revisit in the following for completeness.

Applying the material-form reparameterization to the path inte-
gral in Eq. (1) produtl:és

= 51Xipe\00 xlpO d tpo (11)
{z }

"
=:51p°
where yis the Jacobian term emerging from the change of variable
X = Xipe\°.

2We omit the dependencies of;, 5, and " on the parametek for notational simplicity.
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(a) Ordinary path (b) Boundary path

Fig. 2. Ordinary and boundary paths.

The derivative of Eq(11)with respect tol can be expressed as
di erential pati11 integrals

m o=, moSipediipe,  Sipo+ipedupe  (12)
| {z }om
interior

where theinterior integral is de ned over the same referenced path
space” as Eq. (11).

Theboundaryintegral in Eq.(12)is de ned over theboundary
path space " comprised ofmaterial boundary paths each con-
taining exact oneboundary segment (see Figure 2). For a bound-
ary pathp with the boundary segmenp— ;p , the vertexp is
constrained over discontinuity boundariésf the mutual visibil-
ity VIXtp  1#\°$ Xp e\°°withp 4 xed, and+ p® captures
the normal velocity of these boundary curves @t (with respect
to\). Please refer to prior works [Zhang et.&020, 2023] for the
exact forms oft 1p°.

Di erentiating E» hi 2% We now discuss how Zhang et & [2020]
di erential path integral formulation can be adopted for the second
momentE» hi 2%,
Leveraging the material-form reparameterization, we rewrite
E»hi 2vin Eq. (5) as malterial-form path integral
E hi? = Xipe\©
{z
= Alpo
which is identical to the forward rendering variantl1)except with
the measurement contributio® replaced with de ned in Eq.(6).
Based on the assumption that the probability dens@@is 0 ex-
cept across visibility boundaries, we make an important observation
that the function shares the same-dependent discontinuities as
5 which we will elaborate in Y4.2. This allows us to use another
form of di erential path integrals to express the derivative of Hg.3)
with respect to\ :

le}O d‘ 1p0. (13)

1
mE hi? = m"™pedp°,
| {z }

interior

, tpo+ipedpoe  (14)

m

3We assume without loss of generality that all visibility boundaries have normals
pointing toward the occluded sides. When using normals toward the visible sides, the

integrands of theboundarycomponents in Eqg12)and(14)become 5*p°+ 1p° and
"1po+ 1p©, respectively.
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which is identical to Eq(12)except with5 replaced by for both
the interior and theboundarycomponents.

Monte Carlo estimation\With the derivatives in Eqs(12)and (14)
derived, the derivative in Eq10)at somé =\gcan be estimated

via:
|

L5 M5 Bip+ipg
V>hilvii= 2
hn 4 @lxlo @1p20 s @lpSO
mp  "pot+ipS 15)
To@py T @py
where:

X1 is a (spatial) light path drawn from the path spacewith the
probability density@;

p, is a material path drawn from the xed reference path spaCe
(that is typically setto 1\ o°) with the probability density@;

p3 andp, are boundary paths drawn from the boundary path
spacem'\ with the probability densities® and @, respectively.

In practice, we use unidirectional path tracing (PT) with next-
event estimation (NEE) to sample the ordinary pattisandp,. The
boundary pathg; andp 4, on the other hand, can be importance
sampled using several recent techniques [Zhang e2@R0; Yan et al
2022; Zhang et ak023]. In this paper, we adopt the basic approach
introduced by Zhang et al. [2020].

Simple casaVhen the parameter controls only material proper-
ties (e.g., surface roughness) but not object geometriehtumdary
components in the di erential path integrals (12, 14) vanish, leading

to: )

m =  m5x°d 1x% (16)
1
mE hi2 = m 1xod 1x°" 17)
This further causes the estimator in Eq. (15) to simplify to:
I 51x1° M5ix2° m x°
o Vohivie 20 s o s e (18)

wherex1 andxp areindependenpath samples drawn fron@.

4.2 Path-Sampling Probability

A signi cant di erence between our newly introduced di erential
path integrals(14)and the ordinary(12)is the need to di erenti-
ate the probability density@x° for sampling a pathx which is a
component of the function de ned in Eq. (6).

In what follows, we discuss the expression@fesulting from the
widely adopted (unidirectional) path tracing (PT) with next-event es-
timation (NEE). Starting with the segmefky *xx 1°with X4 ona
detector, this process traces the path backward by iteratively adding
verticesxy 2°Xy 3" " 'Until getting xo on a light source. Then, the
probability density@x° of a pathx = 1xge"” ”x#l° satis es that

2
@x° = @x4 Xy 1° @M% jx= 10x=, 2° @IM1xqjx1%
==1
(19)



where the joint probability@x4 xx 1° emerges from camera-ray
sampling, and the conditional probabilitie@3fx= jx= 1ex= 2°
and @9t 1x0jX1° emerge from BSDF and light sampling, respec-
tively. We note that all the probability densities on the right-hand
side of Eq. (19) use the surface-area measure.

Continuity. We recall that our derivations in Y4.1 assume ti@t
is 9 except across visibility boundaries. In practice, this is a mild
assumption because:

The probability@Sdfx- jx= 12x=_ 2° resulting from BSDF sam-
pling is normally © for all x= that is visible tox=_1 (i.e., with
Vix= $ X:’ 10 = 1).

The probability @3 1x¢ jx1° given by light sampling which
typically amounts to drawingxg from surfaces of light sources
without considering the visibilityVixg $ x1°is typically ©
with respect toxg.
Therefore) -dependent discontinuities of the path-sampling proba-
bility @x° in Eq.(19)are naturally aligned with those of the mea-
surement contribution5, allowing the di erentiation of Eq.(13)
using Eq. (14).

Russian roulettéd common technique to avoid generating in-
nitely long light paths is Russian rouletteAt each intermediate
vertexx= of a path, the sampling process conducts a binomial trial
on the survival of the path with the probability@4rvValix_o_ |f
the path survives, the tracing process continues and the next vertex
x= 1is drawn. Otherwise, the sampling process terminates, and the
(partially sampled) path is discarded. This results in the following
probability density:
1
@RXC = @X° @urvivallxzo,
==1
where @x° is de ned in Eq. (19).

Several heuristics [Vorba and K°ivanek 2016; Rath €1@22] have
been introduced in forward rendering to set the survival probabili-
ties@"™VVal. Our technique is largely orthogonal to these methods
and validated in Fig.4.

(20)

Multiple importance samplingAnother commonly adopted tech-
nique for robust Monte Carlo rendering is multiple importance
sampling (MIS). When using path sampling strategies with cor-
responding probability densitie@ @ """ @ an MIS estimator
takes the form:

0
himis = F< ix<©
<=1

5x< ©
—_—8
@ 1x. ©

wherex< is a light path dfa‘yvn from@ , andF< is a nonnegative
weight function satisfying _ _; F< *x°= 1forall x.

In practice, a unidirectional path tracer typically use = 2
strategies that are identical except for the sampling of the light
vertexxo where they use light and BSDF sampling, respectively.

The second moment of this MIS estimator in Eq. (21) equals

1
o]

MIStX1e " "X o

(21)

d 1X< Oe
<=1

E hids = (22)
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where
2

0\."-):LX<0
@1X<O

0

X» 0= F< X<

<=1

misX1e @X710" " "X O
(23)
with @x1¢” " "x+ © denoting the joint probability for sampling light
pathsxqe”” "x» .
Lastly, the derivativem E»hifmsl/m E__q.(22)can be obtained
using the same approach described in Y4.1.

Relation With Prior Work

Previously, Weier et al[2021] have also attempted to di erenti-
ate rendering variancé4)with respect to surface roughness. Their
publicly available implementation [Weier 2021] is built updvit-
suba3[Jakob et al2022] and uses theomentintegrator which
implements Eq(7)to obtain unbiased estimates of the second
momentE» hi 2%4

When estimating the derivativen Ex»hi 2% Weier et al [2021]
have simply applied automatic di erentiation (AD) to thmoment
integrator. Unfortunately, sincéitsuba3usesdetachedampling
[Zeltner et al 2021] (i.e, does not di erentiate probability densities),
this leads to an estimator

m 521y0
@ =
which mismatches our unbiased variant based on Eq. (17):
m x° 1 521y0 )
@ @ ax (25)

As we will demonstrate in Y6, using the estimator in E&4)can lead
to very high bias in derivative estimates that signi cantly reduces
the quality of inverse rendering results.

Compared with Weier et ak method [2021], our technique not
only enjoys unbiased derivative estimates but also o ers the gener-
ality to di erentiate with respect to object geometries and sampling
probabilities.

5 Variance-Aware Inverse Rendering

Leveraging recent advances in di erentiable rendering [Zhang et al
2020; Bangaru et aP020], most existing physics-based inverse-
rendering pipelines [Luan et aR021; Sun et ak023; Yan et al
2023] seek for scene paramet&rghat minimize someendering
bias L pjast ¢ 0° capturing the di erence between the converged
rendering = E»hi¥of the scene and some predetermined target
With the variance derivativemV »hivaderived in Y4, our tech-
nique enables the di erentiation ofariance-awaréosses that, in
turn, lead to an important application we caliariance-aware inverse
renderingIn what follows, we discuss these aspects in more details.

Variance-aware lossesvariance-aware logakes the form:
L»hiYa= L pjas * 0°, _V»hiva (26)
where_ 2 R; ¢ is a weight for the variance component.
The commonly usedlean Square ErrdMSE) [Pegoraro 2016,

Y4.4.9] is essentially a speci ¢ form of §§6)with the rendering
biasL pisset to squared o and_ = 1

"( »hi¥%a= E»thi  ®2%=1 °%, V»hivi  (27)
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