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Fig. 1. We introduce the formulation of reparameterized differential path integrals for physics-based differentiable rendering. Our formulation can be efficiently

estimated using advanced methods like bidirectional path tracing without requiring explicit sampling of discontinuity boundaries. In this example, we show
several glass and metal chess pieces lit by an area light. The derivatives (obtained with our bidirectional estimator) are w.r.t. the position of the light.

Physics-based differentiable rendering is becoming increasingly crucial for
tasks in inverse rendering and machine learning pipelines. To address dis-
continuities caused by geometric boundaries and occlusion, two classes of
methods have been proposed: 1) the edge-sampling methods that directly
sample light paths at the scene discontinuity boundaries, which require
nontrivial data structures and precomputation to select the edges, and 2)
the reparameterization methods that avoid discontinuity sampling but are
currently limited to hemispherical integrals and unidirectional path tracing.

We introduce a new mathematical formulation that enjoys the benefits
of both classes of methods. Unlike previous reparameterization work that
focused on hemispherical integral, we derive the reparameterization in the
path space. As a result, to estimate derivatives using our formulation, we can
apply advanced Monte Carlo rendering methods, such as bidirectional path
tracing, while avoiding explicit sampling of discontinuity boundaries. We
show differentiable rendering and inverse rendering results to demonstrate
the effectiveness of our method.
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1 INTRODUCTION

Physics-based differentiable rendering is the task of numerically
computing derivatives of radiometric measurements with respect to
arbitrary scene parameters such as object shapes and optical prop-
erties. Such scene derivatives not only can enable gradient-based
optimization for solving inverse rendering problems (e.g., [Azinovi¢
et al. 2019; Luan et al. 2021]), but also are a key ingredient for inte-
grating physics-based rendering into probabilistic-inferences and
machine-learning pipelines (e.g., [Che et al. 2020]).

A key challenge for developing general-purpose differentiable
rendering techniques is the differentiation with respect to scene
geometries (such as the pose of an object or the position of a mesh
vertex). This is because such geometries affect visibility and, if not
handled properly, can lead to severely biased derivative estimates—
which has been demonstrated by many prior works (e.g., [Li et al.
2018; Loubet et al. 2019; Zhang et al. 2019]).

To address this problem, two categories of techniques have been
introduced. The first category directly samples discontinuity bound-
aries [Li et al. 2018; Zhang et al. 2019, 2020, 2021b], and the state of
the art is Zhang et al.’s [2020] differential path integral formulation
which tracks and handles discontinuities at the path level. The sec-
ond category, on the other hand, reparameterizes rendering integrals
to avoid explicit handling of discontinuities altogether [Loubet et al.
2019; Bangaru et al. 2020], with the state of the art being Bangaru
et al.’s [2020] warped-area reparameterization.

In practice, Zhang et al.’s differential path integrals offer the
flexibility to develop advanced Monte Carlo estimators, such as
bidirectional path tracing, but require nontrivial data structures and
precomputation [Yan et al. 2022] to efficiently sample discontinuity
boundaries. Bangaru et al.’s warped-area reparameterization, on the
other hand, enjoys the convenience of not needing explicit tracking
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of discontinuties but has been limited to hemispherical integrals
and unidirectional path tracing.

In this paper, we introduce a new formulation that enjoys the
bene ts of both these methods. Speci cally, we adopt Bangaru
et al's [2020] technique to reparameterize Zhang etsa[2020]

di erential path integrals. Our resulting formulation can be esti-
mated using advanced methods (e.g., bidirectional path tracing)
without explicit sampling of discontinuity boundaries.

Concretely, our contributions include:

Introducing a new formulation fordi erential one-bounce light
transportby applying Bangaru et dk [2020] warped-area method
on top of Zhang et als [2020] material-form reparameterization
(Y3).

Establishing the formulation ofeparameterized di erential path
integralsby generalizing the one-bounce result in Y3 to handle
full path integrals (Y4).

Developing Monte Carlo estimators leveraging unidirectional
and bidirectional path sampling methods for our reparameterized
di erential path integrals (Y5).

We validate our technique by comparing derivative estimates ob-
tained using nite di erence (FD) and our methods with high sample
counts (Figure 11). Further, we show di erentiable rendering (Fig-

result will then be generalized in Y4 to produceparameterized
di erential path integralghe main result of this paper.

E cient sampling and di erentiation.Previously, di erentiable
rendering algorithms have been largely repurposing Monte Carlo
methods developed for forward rendering to sample light paths.
Recently, several sampling methods have been developed speci -
cally for di erentiable rendering [Zeltner et al2021; Zhang et al
2021a; Nimier-David et a2022; Yan et aR022; Yu et aR022]. Our
technique is largely complementary to these methods, although we
consider developing new Monte Carlo techniques speci ¢ to our
formulation an important topic for future research.

Additionally, several approaches have been proposed to allow
di erentiable renderers scaling out to complex scenes with large
numbers of parameters [Nimier-David et.@020; Vicini et al2021].

Our mathematical formulation is largely orthogonal to these tech-
nigues. Practically, ouunidirectionalestimator is compatible with
these techniques. On the other hand, how these methods can be
used with bidirectional path-sampling techniques (including our
bidirectionalestimator) remains an open problem.

3 DIFFERENTIATING ONE-BOUNCE LIGHT
TRANSPORT WITH EVOLVING EMITTERS

We introduce in this section a simple form of our technique that

ures 12, 13, 15 and 18) and inverse rendering (Figures 12 17) results di erentiates one-bounce light transport with evolving area lights

to demonstrate the e ectiveness of our technique.

2 RELATED WORK

Recently, great progresses have been made in the eld of physics-
based di erentiable rendering. In what follows, we discuss most
relevant techniques. For a more comprehensive overview, please
refer to online course materials, e.g., [Zhao et al. 2020].

Handling discontinuitiesA main challenge toward developing
general-purpose di erentiable rendering engines has been the di er-
entiation with respect to scene geometry, which generally requires
calculating additional boundary integrals.

To address this problem, two classes of techniques have been in-

troduced. The rst class directly samples discontinuity boundaries.
Speci cally, Li et al [2018] introduced Monte Carlo edge sampling
the rst technique in this class by di erentiating Kajiya's [1986]
rendering equation. Zhang et g2019] later generalized this tech-
nigue to di erentiate the radiative transfer equation [Chandrasekhar
1960] for volumetric light transport. Further, Zhang et al. [2020;
2021b] have recently introduced the formulation diferential path
integralswhere discontinuities are tracked and handled at the path
level, leading to signi cantly better performance.

The second class of methods reparameterize boundary integrals
and avoid explicit handling of discontinuity boundaries altogether.
The rst approach of this category was biased and introduced by
Loubet et al[2019]. This method was later extended by Bangaru
et al's [2020]warped-area reparameterizatiahich is capable of
0 ering unbiased and consistent derivative estimates.

In Y3, we will derive a new formulation by applying Bangaru
et al's warped-area technique on top of Zhang etsimaterial-form
reparameterization to di erentiate one-bounce light transport. This
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Speci cally, we revisit thematerial-formreparameterization intro-
duced by Zhang et a[2020] in Y3.1 before introducing our method
that further reparameterizes the material-form result using the
warped-aregechnique developed by Bangaru et al. [2020] in ¥3.2.

Problem speci catiorlnder one-bounce light transport (akeli-
rect illumination, the scattered (i.e., re ected or refracted) radiance
leaving a surface point toward some point-can be expressed as
an integral over the surfac¥l ¢ of all emitters:

1

-G

~0 - I elX
Me

dir™~ ~0 & x$ ~od ix% (1)
where! ¢ denotes thesource emission, 5 indicates thebidirec-
tional scattering distribution function ~ (BSDF), is the (visibility-
aware)geometric term , and is the area measure.

In what follows, we focus on the con guration where the emitter
surfaceM ¢ evolves with some parametér 2 R while all other
surfaces as well as~ and~%on the right-hand side of Eq(1)are
static (i.e., independent a&f). Under this setting, we consider the
problem of di erentiating the outgoing radiancey;; with respect
to\. We summarize commonly used symbols and their de nitions
in Table 1.

3.1 Preliminary: Material-Form Reparameterization

To facilitate the di erentiation of g;;, Zhang et al[2020] propose to
rewrite the integral as one over some xeiference surface Be.
This can be achieved using a di erentiable one-to-one mapping (aka.
adeformation ) Xt «\° that transforms the xed reference surface
Be to the evolving oneM ¢!\ °. To distinguish points on the xed

Be and the evolvingM ¢!\ °, we call anyp 2 Be a material point
andx 2 M g1\ © aspatial point .



Fig. 2. Material-form reparameterization:  This example involves a sim-
ple configuration with a fixed occluder and an emi er over an evolving
surfaceM ¢\ °. Leveraging Zhang et & [2020] material-form reparam-
eterization, one can use a constant reference surfégecoupled with a
di erentiable motion Xsuch that, for any , Xt ¢\ ° is a di erentiable one-
to-one mapping (i.e., a deformation) frorBe to M ¢\ ©. We note that,
although the reference surfacBg is fixed, the discontinuity curves Be
capturing visibility boundaries with respect to the surface poirtgenerally
depends on the parametar.

Applying a change of variabla := X!pe\° to the original surface
integrall(l) produces enaterial-fornt variant:

dr = lelx ~°&x ~ ~® i1x§ -0 ipe\od ipo (2)
Be | {z }
= dir'p°®
where
. d 1x°
tpe\0 = d 1p° . (3

is the Jacobian determinant resulting from the change of variable. In

Egs.(2)and(3), we considex = Xtpe\° a function of the material
pointp 2 Be and the parametey. Also, we omit the dependency
of the integrand g;, on the parametek for notational simplicity.

Fundamentally, the material-form reparameterization has move
the derivative contribution from the evolution of the domaiM ¢
into the new integrand 4 whose derivative is easier to compute
due to fewer types of discontinuities that requires handling.

Choice of reference surfacé8en estimating derivatives at =\ g
(for some xed\ o), the reference surface is usually setBg =
M e\ g°. Under this con guration, the mapping< «\o° becomes
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Table 1. Commonly used symbols in Y3. The right-most column indicates
\ -dependency.

Symbol De nition \ -dep.

Me  Emitter surface evolving with some parameter Yes
Be Reference surface No

Di erentiable one-to-one mapping

1 e\ 0
Xt (aka. deformation) fronBe to M g1\ © Yes
4r Radiance '~ ~% wijth xed ~ and~? Yes
dir Integrand of the material-form integral (2) Yes
Be  Curves comprising jump discontinuities ofg; Yes
gwa Regions on the reference surfaB comprising Yes
€ pointsp such thatX!pe\° is visible to~
mBy2  Boundary of By (and a superset of Be) Yes
n™  Unit-normal eld associated with Be Yes
v™  Velocity eld over Be (and later extended toBg?)  Yes
vdis  Discontinuous velocity eld overBe ~ Yes
v Continuous velocity eld obtained by convolvingd'S Yes
w Spatially varying kernel for convolving/dis No

integrand g, di erentiated. Theboundarycomponent in Eq(4)
which we will de ne and discuss in ¥3.1.1 and Y3.1.2 below is a
line integral that is unique to di erentiable rendering.

3.1.1 Discontinuitie§:he boundaryintegral in Eq.(4)is over a set
of curves Be comprising jump-discontinuity points of the inte-
grand g (with respect top). We note that, although the reference
surfaceBe is xed, the discontinuity curves Be typically depend
on the parametek . Also, thanks to the material-form reparame-
terization, the discontinuity curves do not contain the topological
boundarynB. of the reference surfacBe (WhenBe is open) since

g NBe does not depend on the parameter Additionally, for any

discontinuity pointp 2 Be,
across the boundary.

In this paper, we assume the emitted radiarigeand BSDFg
to be O-continuous. Under this assumption, the discontinuities
emerge solely from the mutual visibility betweenand~ a factor
of the geometric term in Egs.(1)and(2) Precisely, for any 2 R,
the discontinuity curves Be consist of material pointg whose

dir captures the di erence in g,

the identity map, causing the corresponding Jacobian determinant spatial representations = Xtp«\° are jump discontinuities of the

Ipe\g° to reduce to one. We note that, the derivative ofpe\°
with respect to\ is generally nonzero even at =\g.

Di erential direct-illumination integral.ln general, di erentiating

Eq. (2) using Reynolds transport theorem [1903; 1973] produces

material-form di erential integrals

boundary

dir'P°+*p°d 1p° ¢ (4)

interior
dgir _ d gir*p°

10
d\ Be d\ d p B

e

where denotes the curve-length measure, and ihe&erior compo-
nent is a surface integral identical to E€lL) except for having the

1The term material form originates in continuum mechanics where reparametetiza-

tions like Eg. (2) are common.

mutual visibility Vix $ ~° (with ~ xed), as illustrated in Figure 2.
Further, we assume without loss of generality that the curve normal
n™p® points toward the occluded side for gil (see Figure 3). Then,
it holds that

dir*P® = dir*P® ®)
where i, denotes the di erence in 4, across a discontinuties
boundary

3.1.2 Scalar normal velocity.Eq.(4), another key component of
the boundaryintegral is thescalar normal velocity + capturing
how fast the discontinuity boundary Be evolves (with respect to
the parametet ) along the curve normah™ Precisely, this term is
de ned as

+ 1po = nmlpo lepo. (6)
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Fig. 3. In this paper, we assume without loss of generality that, at any

point p on the discontinuity boundary Be, the curve normah™p° al-

ways points toward the occluded side of the boundary. This implies that
dir 'P° = dir *P°.

wherev™p? is the (vector-valuedpoundary velocity indicating
the change rate (with respect %0) of the discontinuity pointp.

In practice, according to Zhang et.g2020],v™p° can be com-
puted as follows. For any discontinuity poit 2 Be, the (spatial)
line segmentx with x = Xtpe\° must intersect some occluder at
one point~B (see the red point in Figure 2). Let

z = raylntersect~ ~Bem e°

@)

be the intersection between the ray ~B and the emitter sur-
faceM e. Although z andx are both points on the emitter, their
derivatives are di erent:dzed\ is given by di erentiating the ray-
intersection computation in Eq(7); dxed\, on the other hand, is
obtained by di erentiating the deformationXtpe\°.

Lastly, with the intersection poinz computed, we de ne the
boundary velocity ap as

vMipo = Ay iz, )
d

whereX 11 ¢\%js the inverse of the mappind «\° and transforms
the emitter surfaceM g2\ © back to the referenc®e.

3.2 Warped-Area Reparameterization of
Boundary Line Integrals

Bangaru et al[2020] have proposed to rewriteoundaryintegrals
asinterior ones using the divergence theorem. Letbe a closed 2D
domain andm be the domain boundary associated with outward
normal eld n™ Then, the divergence theorem states that, for any
continuous vectorl-valued functio!l, it holds that

LnMd= o
m

Ld” 9)

By letting L1p° := 4 1p°v™p?in Eg.(9), we aim to reparame-
terize theboundarycomponent of Eq. (4) via

boundary interior

dier nmd =
Be Be?

rt di,v"d . (10)

where B¥@is some 2D region within the reference surfaBg (see
Figure 5). To realize this reparameterization, we still need to over-
come the following obstacles:
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Fig. 4. Open curves: The discontinuity curves Be may be open, making

it nontrivial to apply the divergence theorem in E¢9). This can happen, as
illustrated in this example, when the visibility boundaries are clipped by the
edge of the emi er surface. To address this problem, we defBg? B .
(the green region on the right) as the material representation of the spatial
region visible to~ (the green region on the le ). Then, the boundanyB 2

of B2 (illustrated in magenta) is a superset of the discontinuity curves

Be.

The discontinuity curves Be may not be closed (see Figure 4),
making it nontrivial to de ne the domainB Y@ of the reparame-
terizedinterior integral.

The normal velocity™is de ned on the discontinuity boundaries
Be only and needs to be extendedntinuouslyto some vector
eld v over the interior of the domairB ¥@.

To address these problems, we adopt Bangaru e §2020]
scheme by introducing a two-stage process:

S.1 Extending the discontinuity curves Be to a set of closed curves
nBY¥a  Be with a well-de ned interior BY'@. This will allow
us to treat the left-hand side of E¢L0)as an integral ovenB$'a
(where the integrand is set to zero for all poings2 nB&'2n Beg).

S.2 Smoothly interpolatingg™from the boundarynB 2 to the in-
terior B2, making the right-hand side of E¢q10)well de ned.

After establishing Eq(10) we will be able to rewrite the full
material-form di erential integral (4) as onénterior integral:

interior
%

) d 4i.1p°
dd(ihr — : dcl;\ p U»r L girvevpe d pe|”

(11)

In the following, we detail StageS.1and S.2 respectively, in
Y¥3.2.1 and Y3.2.2 before completing the derivation of Eqin
Y3.2.3.

3.2.1 Extending discontinuity boundaries presented in ¥3.1.1,
the discontinuity curves Be emerge from visibility boundaries of
x when~is xed. Let B2 be a subset of the reference surfade
containing all material pointg whose spatial representations=

Xtpe\° are visible to~. That is,
BMa:=fp 2 Be : VIXtpe\0$ ~0 = 1g’ (12)

Based on this de nition, as illustrated in Figures 4 and 5, the
boundarynB '@ of B¥'@ consists of material pointp whose spatial



Fig. 5. We defineBY@ B ¢ as the set of all material pointg whose
spatial representationg = X!pe\ ° are visible to~. This example shows a
spherical emi er with no topological boundary. In this case, the boundary
mB Y2 (illustrated in magenta) equals the union of visibility boundaryBe
(illustrated in black) caused by the small occluder and the silhoue e (illus-
trated in gray) of the sphere with respect te.

representationsx = Xtpe\° belong to one of the following cate-
gories:

C.1 Topological boundary of the emitter surfadé ¢!\ ©;

C.2 Silhouette of the emitter' (with respect te) comprising spatial
pointsx satisfyingn*x® ‘x~ =0,

C.3 Visibility boundaries resulting from occlusion.

It follows that the discontinuity boundary Be which corresponds
only points from the last categoryQ.3) is a subset of nBY. This

allows us to rewrite the left-hand side of Eq. (10) as
1

dir'p°vTMpe  nMpod 1po (13)

nBYa
where the normal velocitw™p?° is set to zero for alp beyond the
ordinary discontinuity boundaries Be.

3.2.2 Interpolating™ Our objective of this stage is to specify a
continuous velocity eldv in the interior of the domainB¥@ such
thatv agrees wittv™on the domain boundaryB ¥@. To this end,
we adopt Bangaru et a6 [2020] warped-area approach and employ
a two-step process: we rst de ne a discontinuous velocity eld
vdis and then smooth it to make it continuous. In the following, we
detail each of the two steps.

Step 1In the rst step, we de ne a discontinuous velocity eld
vdis gver the entire reference surfadge (see Figure 6).

For any material pointp, when its spatial representatior =
Xtpe\° is invisible to~ or resides on a visibility boundary (i.e.,
p 8 BY®), we de nevdiSipe in a similar fashion as the boundary
velocityv™p° described in Y3.1.2. Precisely€tbe an intersection
of the open line segmen¥x and the scene geometry. Then, by
substituting~B with ~O in Eq.(7), we de nev¥iSipe using Eq(8).
Based on this construction, it is easy to verify th\a‘ﬂislp" =yMpo
for any pointp on the boundarynB '@,

On the other hand, whex is visible to~ (i.e.,p 2 BY?), there is
no occluder betweer and-~. In this case, we simply sef’islp" =0.
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Fig. 6. Discontinuous velocity vdiS: For each material poinp 2 Be, if

its spatial representatiorx = Xtpe\° is visible to~, we setvdisipo = 0,

Otherwise, there must exist an intersection® (illustrated as the red point)
between the open line segmeAX and some occluder. We compute=

raylntersect~ ~%+M ¢° and set the velocity%S1p° = L 11ze\0,

Step 2With the discontinuous velocity eldvdis de ned, we con-
struct the continuous velocity eldv by smoothingvd's. Speci cally,
for any p, we set

Bewlq; pe Vdislqo d 1q°
Vl 0= .
p B, wig;ped tqP

(14)

wherew is aspatially varying kernel

To ensure that the resulting agrees withvdis (and, in turn,v™
at the boundarynBg'2, we needw? «p° to behave likeDirac delta
distributionsfor all p 2 nBY¥@ on the boundary, while having a
smooth fallo when p moves away from the boundary. We follow
Bangaru et al. [2020] and use:

wig;p° = 1Diq;p°, Bigeo e (15)

whereD!q; p° is thedistance function that must approach zero
when g approache$, andB'q° is the boundary-test function
that should approach zero wheq approach the boundaryi ¥2.
We note that, since the kerne is used solely for smoothing®s,
we considew independent of the parametér(i.e., detached ).

In the following, we express our choices of the distance and the
boundary-test functions.

Distance functionBangaru et al[2020] have introduced a dis-
tance function, but we found it non-robust which we will demon-
strate in Y6.2. To address this problem, we choose a di erent distance
function by letting

0
Dig;p° = fi 1 exp ,:_@ . (16)
where
A= kq p ko%o f=f 0'%0 (17)
with Ay .= kx  ~k being a normalization factor that makesandf

invariant of global scaling of the scene. In E§$6)and(17) 0 and
f o are user-speci ed hyperparameters for which we useé= 3 and
f o = 0'006in practice which work well in all our experiments.
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Fig. 7. Boundary-test function B: For any material pointg, we setBtq°
based on its spatial representation® = Xtge\°. In (a), we seBlq° to
AMx0® the shortest distance from x °°to the edge of the occluder. In (b),
x9resides on the emi er surface that has no topological boundary. In this

case, we seB1q°to X%~ nix%,

Boundary-test functioriThe last remaining ingredient for com-
pleting the kernel(15)and, in turn, the convolution in Eq(14)is
the boundary-test functiorB. For allq on the boundarynB Y2, we
setBlqP = 0. For eacty 2 BY2, we havevdS1q° 0 (as discussed
in Step 1 above), and the valuewtq; p° does not matter (as long
as itis nite). Thus, we seB!q° = 1.

We now focus on the last case whege2 Be n 1BY@[ nBYao.
According to the de nition of B3 in Eq.(12) this implies that the
spatial representatiox? = Xige\° is (strictly) invisible to~ (i.e.,
Vvix0$ ~° = (). In this case, to facilitate the speci cation @&qP,
we rst de ne a boundary-distance function pdist for any spatial
point x as

Bdistixo .= min 'x~ nixo « Alxo (18)
wheréx~ denotes the unit vector pointing from to ~, andAM™x°
equals the shortest distance fromto an open boundary of the
surface that containg and,1 if the surface containing is closed
(and, thus, has no topological boundary). Based on this construction,
it is easy to verify that, wherx approaches a visibility boundary
with respect to~, BYiStixo approaches zero.

With the boundary-distance functiomdist speci ed, we de ne
the boundary-test functiorBlqP based on the surface normakx®
at the spatial representatior® = Xtge \° as follows.

!
Whennx® 'x%& ; 0 xOlies on a front-facing surface with
respect to- (see Figure 7-a), and the open line segmex® must
intersect an occluder at% We setBq° = Bdistix 0@,

! .. . .
Whennix® 'x% ¥ 0,x0is located on a back-facing surface
with respect to~ (see Figure 7-b). We sBtqP = BYistix @,

3.2.3 Completing the derivatiohfter constructing the continuous
vector eld v in Y¥3.2.2, the right-hand side of Ed.0)becomes well
de ned.
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Lastly, according to the de nition of the domaiB Y2 in Eq.(12)
the spatial representatior = Xtp+\° of any material pointp 8 Bg2
mustbeinvisible te- (i.e.Vix $ ~° = 0). Since the mutual visibility
Vix $ ~°isafactor of 4 1p?, it follows thatthat 4 p°® = 0and,
inturn,

»r 1 g voYpo =0 forallp 8 BYA (19)
This allows us to extend the domain of the integral on the right-hand
side of Eq. (110) fronB '@ to the full reference surface:

rt dir ved
Bga Be
which, when substituted into Eq4), yields Eq(11)our main result
for this section.

rt dir vode (20)

DiscussionThe original warped-area method has been applied to
the boundaryintegral over spherical curves (obtained by di eren-
tiating spherical rendering integrals). We will discuss the relation
of our result and Bangaru et & [2020] warped-area method in
Appendix A.

4 WARPED-AREA REPARAMETERIZATION OF
DIFFERENTIAL PATH INTEGRALS

In what follows, we rst provide a brief recap ofli erential path
integrals[Zhang et al 2020, 2021b] in Y4.1 and then introduce the
general form of our technique the main result of this paper in
Y4.2.

We summarize the important symbols used in this section in
Table 2.

4.1 Preliminary: Di erential Path Integrals

4.1.1 Path integrals for forward renderiAg the foundation of
many, if not most, advanced forward rendering techniques is the
formulation that expresses the responsef a radiometric detector
as apath integral [Veach 11997]:

=  5Ix0d 1x% (21)
wherex = 1xg* " " "x4 © denotes dight tr%nsport path (with xg
on an emitter andk# on adetector), = % _;M¥.1isthepath
space (with M is the union of all object surfaces), andis the
corresponding area-product measure.

The integrand of the path integral is theneasurement contri-

bution function 5 given by

S5x%=lelxo X1% e'X# 1 X#°
" i
01 G}
&X= 1 X= IX= 1$ X=0 o
==1 ==1
where! ¢ and, ¢ are the source emission artbtector importance
(or response)s; is the bidirectional scattering distribution function
(BSDF), and is the geometric term.

#

x=, 1° (22)

Material-form path integralsWhen the scene geometiy evolves
with some parameteY, using the material-form reparameterization
described in Y3.1, one can capture the evolutioMofusing a xed
reference surfac® coupled with a deformatiork! «\° that maps
B to M\ °for any\.



Letp = 1pg* """y ° be amaterial light path  with each vertex
p- on a reference surfacB. Applying the mappingXt «\° to each
vertex ofp produces a spatial light patlk = xg*” " "x# ° where
X= = Xlp_e\°forall==0e1e"" "o #

Then, by changing the variable of integration from spatial light
pathsx to material onesp, the path integral of Eq(21)can be
rewritten in material form as:

= 5ipod tpo (23)
where the domain of integration is thenaterial path space
b
t="1_ %L (24)

comprising material paths (of nite lengths). Additionally, the in-
tegrand of Eq(23)is the material measurement contribution

5 that equals the product of the original measurement contribu-
tion 5 de ned in Eq.(22)and the ratio of the two integral elements

d ix % 1po=" £_ ) 1p_a\o:

i
Bipo = 5ix0 ;5 1p_e\°e (25)

where follows the de nition in Eqg. (3).

4.1.2 Di erential path integralZhang et al[2020] have derived
using Reynolds transport theorem [1903] derivatives of the material-
form path integral(23)with respect to arbitrary parameter. The
result can generally be expressedraaterial-form di erential

path integrals :

interior boundary

d

T | 5 1po+ 1p odupe - (26)

5

d5'p° 1o
a 4P

m

where theinterior andboundarycomponents are, respectively, over
continuous regions o6 and the discontinuous boundaries sepa-
rating these regions. In what follows, we explain tH®mundary
component in more details.

Domain of integration, discontinuity curv@heboundaryintegral
in Eq.(26)is over thematerial boundary path space . They
contain paths where one of the path segment goes through the scene
boundary (see Figure 8 left). The space equals the union of disjoint
subspacest' 4. :

@ %1
= m’\#.
=0

AN

m ” @7)

#=1

Each subspacmA#. comprisesmaterial boundary paths p =
pgep1e” " "Py °Wherep- 2 B forall=< andp is constrained
overasetofcurvesB B suchthatp 's spatial representation
X =Xp e\°resides on avisibility boundary with respectto ;.
We call the spatial line segmeRT X __1 which intersects the scene
geometryM1\ ° at a single pointxB a boundary segment (see
Figure 8).

Similarto B for one-bounce light transport (see Y3), the discon-
tinuity curves B generally depend on the parameter In fact,

Be are essentially Bo (with # = 2).
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Fig. 8. The spatial representation of a material boundary path that is an
element of the subspacmAa.l and has the boundary segment; X3 that
intersects the scene at exactly one poixB. Every path form this subspace
contain four verticegp,°p,*P3 With p; constrained to a set of curves
B, comprising points whose spatial representations beside on visibility
boundaries with respect ta 2. To simplify the illustration, we only show part
of the reference surfac® that corresponds to the vertical plane containing
the constrainedx 1.

Lastly, the measur&associated with the material boundary path
spaceni” satis es that X
I

d‘nlpo = d 1p o d lp:l')” (28)

=<

Di erence in measurement contributioFhe term 5 1p° cap-
tures the di erence in material measurement contributidiwhen
the vertexp crosses the discontinuity boundaryB  (with all the
other vertices xed).

As stated in Y3.1.1, we assume without loss of generality that the
boundary B 's normaln™ points toward the occluded side (as
shown on the right of Figure 8). Then, it holds that

g 1po = é\lpo"

Boundary velocityThe term+ p ©°isthe scalar normal velocity
de ned as

(29)

+ 1p °= lep o nm1p Oe (30)
wherev™p °isthe boundary velocity of the discontinuity poind
and can be computed using the process described by Eyand(8)
inY¥3.1.2.

In this case, the spatial poir¢ (that coincidesx ) in Eq.(7)
should be computed by intersecting the ray xB and the scene
geometryM1\ °. When di erentiating this ray-intersection process,
the derivativesix v anddxBa are computed by di erentiating
the mappings<tp 1\° andXtpBs\o, respectively. For the latter,
pB = detachX l1xBe\oYjs the detached material representation
of the pointxB.

4.2 Warped-Area Reparameterization of

Boundary Path Integrals
We now generalize our one-bounce result derived in Y3.2 to reparam-
eterize theboundarycomponent of the material-form di erential
path integrals in Eq. (26).

Derivation outlineTo this end, our derivation will involve the
following three main steps:

ACM Trans. Graph., Vol. 42, No. 6, Article 213. Publication date: December 2023.
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Table 2. Commonly used symbols in Y4. The right-most column indicates over the discontinuity curves B

\ -dependency.

Symbol De nition \ -dep.
M The union of all surfaces in the scene Yes
B Reference surface No

Xt o\ 0 Di erentiable one-to-one mapping Yes
(aka. deformation) transformin@ to M1\ ©
N material path space de ned in Eq. (24) No
m" material boundary path space de ned in Eq. (27) Yes
5 material measurement distribution de ned in Eq. (25)  Yes
2 EqualsS\ but treats the verte)p as the only variable Yes
(and considers all the other vertices xed)
B Jump discontinuities o0& with respect top Yes
gwa Regions on the reference surfaBcomprising Yes
pointsp such thatX!p «\°isvisible tox 1
nm Unit-normal eld associated with B Yes
v™  Boundary velocity over B Yes
Continuous velocity eld overB
\Y Yes

that agrees withv™ on the boundary B

(1) Expanding theboundarypath integral in Eq(26)as nested in-
tegrals of individual path vertice$p_ : == 01s"""#. This
allows us to isolate the integral with respect @ over discon-
tinuity curves B

(2) Reparameterizing the isolated line integral as an integral over
the reference surfacB using the warped-area method discussed
inY3.2.

(3) Rewriting the nested integrals with the reparameterized surface
integral with respecttg as a newinterior path integral which,
in turn, is merged with theinterior component of Eq(26)to
produce ourreparameterized di erential path integrial Eq.(38)

In the following, we detail each of these steps.

Step 1We rst express theboundarypath integral as a sum of
integrals over the subspaceﬁ'\#. de ned below Eq. (27):

1 @ #é ll
L 5ipo+ 1p odupe= . 5o+ 1p oddpo
m #=1 =0 M
(31)
For all#, ,theintegral on the right-hand side of E¢31)can be

further rewritten as nested integrals of individual vertices of the
material pathp = 1pg* """ "py °
1
é\lpo+ 1p odutpo
1 ‘1
= Sﬁpo+ 1p °od1p ©
B# B

o (32)
d 1

=<

On the right-hand side of this equation, the inner integral which
depends omp_ for all=< is with respect to the vertexp and
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5&p0+ ip °d1ip ©
P (33)
- é\lpovmlp °© pMp od1p o

B

Step 2Eq.(33)is essentially identical to the one-bounbeundary
integral on the left-hand side of E¢10) Therefore, we can apply
our warped-area reparameterization given by E0)to rewrite
Eq. (33) as a surface integral:

1

n i

p. =< ©°= r Sv
BWa

1p Od 1p o” (34)

In this equation:

The domain of integratiorB ¥ follows the de nition in Eq. (12)
and comprises all material pointgs whose spatial representa-
tionsx = Xp \°are visible to the (spatial) vertex ; =
Xtp qe\°.Thatis,B¥@=fp 2B :Vx $ x 1°=1g

The vector eldv is obtained using the process presented in

Y3.2.2 (that smoothly extends the velocitfp ©° de ned on the
boundary B into the interior of BY2).

Additionally, the term® in Eq.(34)equals the material measure-
ment contribution but considergp the only variable and all the
other verticesfp- : =< gconstants. Speci cally, lef* p °be

the product of all factors of that depend orp  :2
6 Pp o= x 1$x° X $x 1°
BIX o2 X 1 X °Kx 1 X X 1°
& x 1 X 2°'p % (39)

wherex= = Xtp_+\° is spatial representation of material poipi-
for== 1« « . 1 Then, it holds that

5ipo
1n0 = 1 o) ”
51p°=6 1p °detach & 1p

(o]

(36)

We note that5 1p° will be di erentiated only with respect to
the pointp (and not the scene paramete} when evaluating the
divergence 1 5 v °which we will discuss in Y5.1.

Step 3As shown in Y3.2.3, the divergense 15y ovp °=0
forallp 8 B"?because the mutual visibility'x $ x 1°=0
by de nition. This allows us to extend the domain of the reparam-
eterized surface integral in E¢34)from B"2 to the full reference
surfaceB. Then, substituting the extended E(g4)into Eqs.(31)

2We omit the dependency @ on the pointsp
constants) for notational simplicity.

pandp , (that are considered



and (32) proolluces
Aé\lpo+ 1p oduip®

m
6 ®1' h

i
= r S\ v 1p Od‘ 1p0

#:1' =0 B#.1 (37)
= r 5v 1p °d1ip%
=0

where the second equality is obtained by: (i) exchanging inner sum-
mation and the integration; and (ii) rewriting the sum of integrals
overB¥: Lforall# as one integral over the material path spam’a\.

Lastly, substituting Eq(37)into the material-form di erential
path integrals(26)yields the main result of this paper therepa-
rameterized di erential path integral

interior

1 - !
o ®©1lh 1
d dip s r 5\ \ lp o d‘ 1p0 °

o A

(38)
=0

where# indicates the length (i.e., number of segments) of the ma-
terial light pathp.

5 OUR MONTE CARLO ESTIMATORS

We now introduce Monte Carlo estimators for our reparameterized
di erential path integral expressed in Eq38) Speci cally, we rst
discuss in Y5.1 the estimation of the divergence term 5 v ©°.
Then, in Y5.2, we introduce our path-space Monte Carlo estimators
and how do we cache values along paths to increase computational
e ciency.

5.1 Estimating Divergence
A key component of our reparameterized di erential path integral
of Eq. (38) is the divergence

r 5v rs LB

atsome verteyp of a given material patip = pge”""p4 °. In the
following, we discuss the estimation & andr % in Y5.1.1 as well
asv andr v inY5.1.2.

v v O (39)

5.1.1 Measurement contributiarhe right-hand side of E((39)in-
volves the termb and its gradientr 5 . We recall that, as de ned in
Eq.(36) 5 1p° equals the material measurement contributi@’lp0
except for treatingp  as the only variable and all other vertices

fp- : =< gas constants. Therefore, we hab‘s\elp° = 5\1p°, and:
i e 8o
rs 1p°= — 1p°=x6 YUp O@—p°° (40)
where® is de ned in Eq.(35)and the gradient & = n6 enp

can be computed using automatic di erentiation.

5.1.2 Continuous velocifyhe remaining terms on the right-hand
side of Eq(39)are the continuous velocity p °and its diver-
gence»r v Y4 ° (given the neighboring vertep 4 that is
considered xed). We outline this process in Algorithna 1.
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Fig. 9. Discontinuous velocity vgis: Letp, 2 B be a fixed material
point p, 2 B with the spatial representatiorx, = Xtp,e\ °. For each point
p1, we set the discontinuous veIocity‘lji31p1° to zero ifp,'s the spatial
counterpartx1 = X'pq*\ © is visible tox». Otherwise, there must exist an
intersectionx © (illustrated as the red square) between the open line segment
X1X2 and some occluder. We computg = raylntersectx xOeM° and
set the velocity ass§1p,© = £ X 11ze\0,

Fig. 10. We sample pointsgg g near a pointp by drawing pointsqg in
the tangent plane op  (from a Gaussian distribution centered gt ) and
finding all projections ofqgJ on the referenceB along the surface normal
nip °.

According to the de nition in Eq.(14) we express the continuous
velocityv p °as
le °:V~1p°, 1p on (41)

On the right-hand of this equation, the denominator is tmermal-
ization term, given by

P P2 wiaip od g (42)
and the numerator is theonvolved velocity de ned as
1
A lp 0= qu’p Ovdislqod 1q0" (43)
B

In Eq.(43) vUis is the discontinuous vector eld that agrees with
the boundary velocitw™ and can be constructed (conditioned on
the vertexp 1) using the process described in Step 1 of Y3.2.2 (see
Figure 9).

Samplingg. Estimating the continuous velocity and its diver-
gencelr v °based on Eqg$42)and(43)requires sampling material
points g from the reference surfacB.

ACM Trans. Graph., Vol. 42, No. 6, Article 213. Publication date: December 2023.
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ALGORITHM 1: Consistent estimator for the velocity and its
divergencer v

ALGORITHM 2: Our unidirectionalestimator for the reparameter-
ized di erential path integral of Eq. (38).

1 Estimate_Velocity( p ,p ;)
Input: Two verticesp andp , of a material path
Output: v ip %and»r v ¥p °©

2 begin
/* Estimate , and v (unbiased and consistent) */
3 , or, o;
4 ' or w 0;
5 for 8= 1to#4 do
6 Sample poinqgfrom the tangent plane op  with
probability pdf1qg°;
7 Compute projectiongqgg: 9= 1s2¢" ”gofqgon the
reference surfac®;
8 foreach projectiorqggofqg do
9 w  wlgggp 9
10 rw »r wt;p °%égd;
1 pdf  pdftgjnip ° nlggdj;
12 Computev™s = vdisiqz 0 andr  v9's (using AD)
conditioned onp 4 ; /1 ¥3.2.2, Step 1
13 . =wepdf; I Eq. (44)
14 r, ,=rwepdf; /I Eq. (60)
15 v, = twvdisoepdf ; Il Eq. (45)
16 rov ,=1rw vis wir ydisooepdf:// Eq. (61)
17 end
18 end
/* Estimate v andr v (biased but consistent) */
19 v e, /I Eq. (47)
20 rv o r ¢ % 1 g O 2 Il Eq. (62)
21 return v ,r v ;
22 end

To this end, we employ a process similar to the sampling of
outgoing locations fobidirectional subsurface scattering distribution
functions(BSSRDFs) as follows. As illustrated in Figure 10, we rst
draw a pointg?inside the tangent plane g from a 2D (isotropic)
Gaussian distribution centered at . Then, we project®onto the
reference surfac® along the surface normaitp ©°and return all
resulting projectionsB \f g%, Cntp © : C2 Rgas samples of.

Estimatingv . Leveraging the same point sampling method de-
scribed above, we estimate tim@rmalization termy  and thecon-
volved velocity- in an unbiased and consistent fashion as follows.

First, we draw# g samplesfqg : 8= 12777+ fgof g from the
tangent plane op . Let the probability for drawingyg be pdfigQ.
Then, unbiased estimators pf andw can be obtained via

_ 610 wiggep

P ° — (44)
& O wigeep ovdisig,o
* lp o = q89p I 5 qsgo (45)
wherefqgg: 9= 12" "§are the projections ot]g onB, and
pdfiggd = pdfiag n'p © niggg” (46)

ACM Trans. Graph., Vol. 42, No. 6, Article 213. Publication date: December 2023.

1 Path_Tracing()
Il We use x2 and xS to denote, respectively, the
spatial representations of  p2 and pS for all =

2 begin

/* Initialize detector subpath */
3 Sample camera ragy  p? with probability pdf;
2 I3 , elle? Xgo 1X?$ Xgo 1pgo 1p1Do;
5 D o d O
6 for ==12"""do

/* Sample light vertex pS */

7 SamplepS on the emitter with probabilitypdfNEE

/* Compute S5NEE = 51pSepDe»»pDo and dsNERG

8 BNEE g gixS xP xD o 1x8§ xPo 1pSo;
9 BNEE - 1xS xDo:
10 Computed5SNEE := d8NERq\ using AD;

/* Compute the sum of divergences via Eq. (49) */
u gy SVEE D 1pDipSepD o 1pSipPo

/* Accumulate path contribution */
12 d , =1d5NEE g oeipdf pdfiEo;

/* Sample next vertex pP ; */
13 Samplep? ; with probability pdf_ 4;
14 pdf =pdf. 4;

/* Update measurement contribution */
15 5 =512, x2 xP o D g xDo 1pD o

/* Update pre-fix sum based on Eq. (50) */
16 D= 1p2ipl ;op2 1%
17 end
18 return d ;
19 end

Lastly, given Eq(41) a biased-but-consistent estimator of the
continuous velocityy  can be obtained using the unbiased estima-
tions of thenormalization term and theconvolved velocity
given by Egs. (44) and (45), respectively:

leozv_lpo 1po" (47)

Further, the estimation of the divergenge v can be accom-
plished in a similar fashion using unbiased estimates of the gradient
r w of the normalization term and the divergence v ofthe
convolved velocity . We provide more details of this process in
Appendix B.

DebiasingBangaru et al[2020] have introduced a process based
on Russian roulette to debias estimatorsofip and»r v ¥ap ©°.
On the other hand, achieving full unbiasedness requires the distance
and boundary-test functions to satisfy speci ¢ conditions, which
can be nontrivial to obtain (please see their work for more details).
We consider the debiasing of our estimators a future research topic.



5.2 Path-Space Estimators

Our reparameterized di erential path integral of E¢B8)allows the
development of path-space Monte Carlo estimators of the form:

|
o ©1h i ’
d 1 dil\p . r 5v p © .

~ pdfip®

d\

(48)
=0

where pdfip® denotes any probability density for sampling the
material light pathp = pge”"""p4°, and the divergence term
rt5v °is computed using estimators presented in Y5.1.

We introduce arunidirectional(¥5.2.1) and bidirectionalestima-
tor (Y5.2.2) that, respectively, apply unidirectional path tracing (PT)
with next-event estimation (NEE) and bidirectional path tracing
(BDPT) to sample the material path

Time complexity of naive implementatigbiven a material patip
with # segments, evaluating E¢18)naively takes 1# 2° time since
computing the divergence * 5 v °which involves computing
and di erentiating material measurement contributioB 1p° (with
respect top ) takes $ 1# ° time for each .

The time complexity becomes even higher when using PT with
NEE and BDPT: For the former, each NEE e ectively produces one
full path, causing the cost for tracing one path to Be# 3°; For the
latter, since$ 1# 2° paths are createtlusing one pair of source and
detector subpaths, the total complexity becongeist “°.

In what follows, we address this challenge by developing new
techniques to estimate the divergence? 5v % ciently for our
unidirectionalandbidirectionalestimators.

5.2.1 Ourunidirectional estimat®e now detail ourunidirectional
estimator which we outline in Algorithm 2.

For any material patfp = *pye”” "p4 ©, according to Eq(40)and
the fact tha%é‘ 1p° = 51p°, we can rewrite the sum of divergence
divip® = »r 15 v vy © by factoring out the material

measurement contributior5\1p°. That is,

#H1h i
divip® = r 18y o 1p o
=0
JOL e vp o . N )
= 5ip i o v ip ° > v Vip
=0 {z }
=P P 4°

In this equation, the tern® which is a function of p conditioned
onp jandp 4isdenedinEg. (35)and the velocity p °
and its divergenb@r v Y4p ©can be estimated using Algorithm 1
from Y5.1.2.

We now make an important observation that E9)can be
computed in$ #° time since theterm p ;p 4°p ;°onthe
right-hand side is essentially a function of one poipt “and, thus,
can be computed i 11° time.

3In this paper, we focus on standard bidirectional path tracing (BDPT) that connects all
pairs of vertices between the source and the detector subpaths.
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Con guration

(a)Ordinary (b) FD reference (c)Ours

Fig. 11. Wevalidate our techniques by comparing derivative images (visu-
alized using the same color mapping as Figure 1) estimated by our method
(c) to finite-di erence (FD) references (b). Our teapot and bunny results
are generated, respectively, using oumidirectionaland bidirectionalesti-
mators. The derivatives are visualized using the same color map as Figure 1.

Based on Eq49) we introduce aunidirectionalestimator that
uses next-event estimation (NEE) that works as follows. When trac-

ing a detector subpathpg-p?- ””® we maintain the pre x sum
H1
D._ D.,D D - D D .,D,D
= = P<iP< 1°P< 1 = = 1. P= 1:P="P= 2 °
<=1

(50)
for each verte)pE. After performing NEE at this vertex using a light
sample poinp2, we obtain a full pathp = 1pSepPs”" "9 DepBo.
Leveraging the pre x sum =, we can compute the sum of diver-
gences giy1p=°de ned in Eq. (49) using 11° time via:

avtp==5p- D pDipSpl [ pSpl . (51)
where the material measurement contributic‘x‘ﬁlp0 is computed
in $ 11° the same way as (forward-rendering) unidirectional path

tracing (see Algorithm 2).

5.2.2 Our bidirectional estimatdmn. addition to theunidirectional
estimator, we also introduce bidirectionalone capable of handling
challenging light-transport e ects such as caustics.
Ourbidirectionalestimator samples paths the same way as forward-
rendering bidirectional path tracing (BDPT) [Veach and Guibas 1995;
Lafortune and Willems 1996]. Speci cally, it generatesaurce sub-
pathpS = 1pSep$e”"? and adetector subpath® = 1pQepPeo.
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Con guration Ordinary FD reference
Ster emiisr
Initial Target Opt. (our unidir.)
[Ferwer]
@-

Redner_WAS

Equalssample

Ours

EgUialzsample

Errors (our unidir.) Opt. (Redner_WAP  Errors (Redner_WAp

Fig. 12. Equal-sample comparisons between oumunidirectionalestimator with Redner_WAS [Bangaru et.&020]. This example involves a lucy lit by a
star-shaped area light. (top) We compare derivatives with respect to the horizontal displacement of the light; (bo om) We compare inverse-rendering results
where we infer the location and the pose of the light by minimizing tté loss between the target and rendered images shown in the row marked as forward .
The configuration visualizations and parameter RMSE plots in the bo om row are used only for evaluation (and not for optimization).

Table 3. Performance statistics for our inverse-rendering results where
time measures per-iteration optimization time (in seconds) on an Amazon
EC2c6a.8xlarge instance with 32 VCPUs. Additionally, # img. indicates
the number of images used for inverse rendering, and # param. the number
of scene parameters being optimized.

Scene Time #img. # param.
Star emitter (Fig. 12) 3.8 1 3
Chess (Fig. 13) 45 40 30000
Bunnyinglass (Fig.14) 22.5 50 20 000
Lamp (Fig. 15) 7.0 40 30 000
Dodoco (Fig. 16) 8.4 40 30 000
Caustics (Fig.17) 21.3 1 12

Then, by connecting eachS

a complete path sample..-

For e cient computation ofthesum r 1 5 v °for each path
P-.- , We extend the process described in Y5.2.1 by maintaining two
prexsums! 5 :< =01""®and? P : ==01s""®where the
former equals

andp? (for any< and=), we obtain
- 1pg."'" »pSepDerr "oDo

= 5., pS ppS S (52)

and the latter follows Eq. (50).
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With both pre- x sums, we can compute the sum of divergences
in Eq. (49) irs 11° time using

diV1p<-: 0= 5\1p<.: °

D5, pZp2 2. pZpSeply - (53)
resulting in the following bidirectional estimator
d O Fuistpec® d
— = — = —=Bp.°, gy'Pa=® " (54
A o o pdfip-._o d P<e="". div P<e= (54)

In this equation, for eack and=, the material measurement contri-
bution 5tp.._ °, the probability densitypdftp.._ °, and the multiple
importance sampling (MIS) weigtftys'p<.= ° can all be computed
in$ 11°time (with $ 1# ° precomputations) the same way as forward-
rendering BDPT.

6 RESULTS

We implement ourunidirectionalandbidirectionalestimators (intro-
duced in ¥5.2.1 and Y5.2.2, respectively) based on the di erentiable
renderer released by Yu et.§2022]. This system is CPU-based and
uses theEnzymeautomatic di erentiation framework [Moses and
Churavy 2020].

In what follows, we rst validate our estimators using several
di erentiable-rendering experiments in Y6.1. Then, we compare
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