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Fig. 1. We introduce a robust method to estimate boundary path integrals, which are crucial for computing derivatives with respect to scene geometry. In this
example, a diffuse object is viewed both directly and through a mirror, and we differentiate the rendering with respect to the object’s horizontal translation. At
equal sample count, projective sampling [Zhang et al. 2023] misses the derivatives around the shadow in the mirror (c); Walk-on-Sphere-based warped-area
sampling (WOS-WAS) [Wu et al. 2025] suffers from high overall variance (d); and MCMC [Xu et al. 2024] becomes trapped in a local mode with strong
self-correlation (e). Our method (b) achieves the highest overall quality.
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To enable differentiation with respect to object geometries, boundary path
integrals—central to physics-based differentiable rendering—must be esti-
mated numerically. Although their mathematical formulation is well estab-
lished, designing efficient and robust numerical estimators remains chal-
lenging. Most state-of-the-art boundary sampling methods rely on primary-
sample-space guiding, which tends to break down on finely tessellated
geometries; reparameterization-based alternatives, meanwhile, often incur
high variance and/or significant computational overhead.

In this paper, we introduce a simple, robust, and consistent solution to
this problem. At the core of our approach is a novel formulation of the
boundary integral based on kernel-density estimation. Much like photon
mapping, we slightly expand the measure-zero domain of integration with a
kernel, sidestepping the need to sample directly on a delta-function region
in path space. To our knowledge, this is the first such application of kernel-
density methods for boundary integral evaluation. We validate our method
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by comparing its derivative estimates against �nite di�erences (FD), and
further demonstrate its practical utility by benchmarking against several
state-of-the-art baselines in synthetic inverse-rendering scenarios.
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Additional Key Words and Phrases: di�erentiable rendering, boundary path
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1 INTRODUCTION
Many inverse rendering, optimization, and learning tasks in com-
puter graphics today rely on di�erentiable rendering for estimating
the derivatives of the rendering process with respect to scene param-
eters such as camera poses, object geometries, and material prop-
erties. Recently, signi�cant theoretical progress has been made [Li
et al. 2018; Zhang et al. 2019, 2020; Bangaru et al. 2020; Xu et al.
2023; Wang et al. 2024; Xu et al. 2024], enabling di�erentiation of
full light-transport e�ects (i.e., global illumination) with respect to
arbitrary scene parameters including those controlling global object
geometry (e.g., the positions of mesh vertices).

Mathematically, physics-based di�erentiable rendering generally
requires evaluatinginterior and boundaryintegrals. The former
share the same domain as forward-rendering integrals and can
therefore be estimated by repurposing existing forward-rendering
sampling strategies. To further improve the e�ciency in estimating
the interior integrals for di�erentiable rendering, several special-
ized techniques have been introduced that utilize new importance
sampling strategies [Zeltner et al. 2021; Fan et al. 2024], antithetic
sampling [Zhang et al. 2021], or spatiotemporal reuse [Chang et al.
2023; Wang et al. 2023].

Unique to di�erentiable rendering, theboundaryintegrals emerge
from discontinuities such as visibility boundaries evolving with the
di�erentiation parameter. Previously, these integrals were primarily
estimated in two ways�eitherdirectly [Li et al. 2018; Zhang et al.
2020; Yan et al. 2022; Zhang et al. 2023; Xu et al. 2024] or after being
reparameterizedinto interior integrals [Loubet et al. 2019; Bangaru
et al. 2020; Xu et al. 2023].

Unfortunately, as Figure 1 illustrates, neither family is robust or
e�cient enough to handle highly tessellated scenes with complex
light-transport e�ects such as specular interre�ections. To overcome
these limitations, we make the following contributions:

� We devise a new formulation that rewritesboundarypath inte-
grals asinterior ones using kernel-density estimation (Ÿ4.1).

� Based on this formulation, we introduce a consistent Monte Carlo
estimator to e�ciently estimate the rewritten integrals (Ÿ4.2).

Our method is consistent, robust, and simple to deploy�requiring
only a slight modi�cation to unidirectional path tracing. We demon-
strate the e�ectiveness of our technique using several di�erentiable
and inverse rendering examples (Figures 1 and 9�12).

2 RELATED WORK
In what follows, we provide a brief recap of prior works related
to our technique. In Ÿ2.1, we revisit recent di�erentiable rendering
techniques for estimatingboundaryintegrals. Then, in Ÿ2.2, we
discuss techniques that utilize kernel-density estimation.

2.1 Boundary Integral Estimation
Direct Monte Carlo sampling of discontinuities.Li et al. [2018]

introduced the �rst technique that directly estimatesboundaryin-
tegrals for di�erentiable rendering. Unfortunately, its reliance on
silhouette detection with respect to arbitrary shading locations
can be prohibitively expensive for complex scenes. To address this,
Zhang et al. [2020] proposed a new path-space formulation that en-
ables multi-directional sampling of boundary paths without explicit
silhouette detection. Yan et al. [2022] further improved sampling
e�ciency by introducing guiding in the primary-sample space, and
Zhang et al. [2023] extended this approach with a projection pro-
cess that re-uses information from forward path tracing to guide
boundarypath sampling. While e�ective for relatively simple geome-
tries, these guiding-based methods degrade on highly tessellated
scenes that overwhelm their acceleration structures. More recently,
Xu et al. [2024] introduced a Markov-Chain Monte Carlo (MCMC)
technique that o�ers improved robustness for samplingboundary
light paths but, like many MCMC rendering methods, is complex,
exhibits non-uniform convergence, and can introduce undesired
correlations.

Our method does not require MCMC while remaining robust
and e�cient even for highly tessellated geometries with complex
light-transport e�ects.

Reparameterization-based methods.Another class of methods [Ban-
garu et al. 2020; Loubet et al. 2019; Xu et al. 2023] reparameterizes
boundaryintegrals intointerior ones, thereby avoiding direct sam-
pling of discontinuities and enabling the reuse of forward-rendering
sampling strategies. However, the divergence term they introduce is
nontrivial to evaluate and, more importantly, to importance sample.
Furthermore, as we demonstrate in the results, these methods tend
to produce notably biased gradient estimates that can lead to overly
smooth reconstructions.

Our method, on the contrary, leverages a novel kernel-density
estimation process which avoids reparameterization and divergence
estimation, and leads to better convergence in inverse rendering.

Reformulated integral for SDF discontinuity.Recently, Wang et al.
[2024] proposed a method dedicated to di�erentiable rendering of
implicit surfaces represented as signed-distance functions (SDFs).
Their formulation relaxes theboundaryintegrals by allowingbound-
ary paths to contain a segment passing through a thin shell around
the surface, rather than being strictly tangent to it.

While conceptually related, our technique di�ers in two fun-
damental ways: their method targets smooth implicit geometry
whereas ours focuses on piecewise planar explicit shapes; and our
method builds on Zhang et al.'s path-space formulation [2020], while
theirs relies on the standard rendering equation.
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2.2 Kernel-Density Estimation
Forward rendering.Photon mapping, introduced by Jensen [1996],

has been a key technique for e�ciently simulating light transport.
Prior work in forward rendering uses photon beams to query pho-
tons [Jarosz et al. 2008], represent photons [Jarosz et al. 2011b],
or both [Jarosz et al. 2011a; Bitterli and Jarosz 2017]. Although
our estimator also uses beam-like queries, it di�ers fundamentally
from these forward methods since it estimates derivatives given
by boundarypath integrals rather than radiance frominterior ones.
VCM/UPS [Hachisuka et al. 2012; Georgiev et al. 2012] further devel-
oped an extended path-space formulation bridging photon mapping
and path-space methods; while our method could �t within this
framework, we do not explicitly perform vertex merging in our
kernel density estimation.

Photon derivatives for forward rendering.Derivatives of photons
have been previously used to accelerate forward rendering, such
as by shaping the photon kernels [Schjøth et al. 2007; Frisvad et al.
2014], estimating motion blur [Schjøth et al. 2010], or in gradient
domain methods [Gruson et al. 2018; Hua et al. 2017]. These improve
forward rendering e�ciency, while we focus on inverse rendering
instead.

Photon derivatives for inverse rendering.A series of works inspired
by optimal transport [Xing et al. 2022, 2023, 2024] use a di�erent
form of loss and formulate the gradient without boundary integrals.
In particular, Xing et al. [2024] also use photon mapping for gradient
computation, but their approach adopts a di�erent theory and does
not consider visibility; it is therefore orthogonal to our work.

Estimating query area for bias reduction.Using an incorrect query
area introduces additional bias in photon-based methods, including
ours. Prior works address this with Bernoulli trials for unbiased area
estimation [Qin et al. 2015] or geometric methods [Perrot et al. 2019].
These are orthogonal to our work and could further reduce bias; for
simplicity and performance, we use a constant approximation of
the query area in this paper.

Consistency for photon mapping.A large body of prior works
have investigated and developed consistent versions of photon map-
ping [Hachisuka et al. 2008; Hachisuka and Jensen 2009; Knaus and
Zwicker 2011]. Following existing works, we also derive a consistent
version of our estimator.

3 PRELIMINARIES
We now provide a brief summary of path-space forward rendering
(Ÿ3.1) and di�erentiable rendering (Ÿ3.2).

3.1 Forward-Rendering Path Integrals
Many, if not most, advanced rendering algorithms express the re-
sponse� of a radiometric detector as apath integral [Veach 1997]:

� =
¹



5¹ �xº d` ¹ �xº• (1)

where: 
 :=
Ð 1

# =1 M # ¸ 1 is the path space with M being the
surfaces of all objects;�x = ¹x0• ” ” ” •x# º 2 
 arelight paths with x0
on a light source andx# on the detector; and̀ is the corresponding

area-product measure. Further, the integrand5 is themeasurement
contribution function given by

5¹ �xº := ! e¹x0 � x1º, e¹x# � 1 � x# º
"
# � 1Ö
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5s¹x=� 1 � x= � x=¸ 1º

# "
#Ö

==1

� ¹x=� 1 $ x=º

#

• (2)

where! e and, e are thesource emission anddetector impor-
tance, 5s is thebidirectional scattering distribution function
(BSDF), and� is thegeometric term .

Material-form reparameterization.To facilitate the di�erentiation
of the path integral(1) with respect to parameters\ controlling
object geometry (i.e., the surfacesM ), Zhang et al. [2020] have
proposed to reparameterize the evolving object surfacesM¹ \ º using
a one-to-one mappingX¹�• \ º : B 7! M¹ \ º whereB is some �xed
reference surface. To distinguish pointsp 2 B on the reference
surface and thosex 2 M¹ \ º on the evolving surface, we call the
former material points and the latterspatial points .

Let �p = ¹p0• ” ” ” •p# º be amaterial light path with each vertex
p= on the reference surfaceB. Then, the mappingX¹�• \ º induces a
change of variable from�p to a (spatial) light path�x = ¹x0• ” ” ” •x# º
with x= = X¹p=• \ º for all 0 � = � # . Applying this change of
variable to the path integral (1) yields
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where the domain of integration is thematerial path space 
̂ :=Ð 1
# =1 B# ¸ 1 independent of the parameter\ , 5 is the measurement

contribution from Eq.(2), and the Jacobian term emerging from the
change of variable is given by
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Choice of the reference.When estimating derivatives at some
�xed \ = \ 0, it is convenient to choose the reference surface as
B = M¹ \ 0º. Then, at\ = \ 0, the mappingX¹�• \ º reduces to the
identity, causing the material path spacê
 to coincide with the path
space
 ¹\ 0º and the Jacobian term de�ned in Eq.(4)to reduce to
one. We will use this choice of reference in the rest of this paper.

3.2 Di�erential Path Integrals
Zhang et al. [2020] have di�erentiated the material-form path in-
tegral of Eq.(3) with respect to the parameter\ using Reynolds
transport theorem [Reynolds 1903]. The result can generally be
expressed asmaterial-form di�erential path integrals :

m\ � =
¹


̂
m\

�
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|                                  {z                                  }
interior

¸
¹

m
̂
5¹ �pmº+ ¹p  º d¤̀¹ �pmº

|                            {z                            }
boundary

•

(5)
wherem\ denotes the derivative with respect to\ evaluated at\ 0. In
this equation, theinterior component is an integral over the same
material path spacê
 as the material path integral(3), while the
boundarycomponent captures the shift of discontinuous boundaries
of the measurement contribution5 with respect to the parameter\ .
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Fig. 2. Boundary path and visibility boundary: A boundary light path
�pm = ¹p0•p1•p2•p3º contains exactly one boundary segmentp1 p2 (shown
in red) that is tangent to the scene geometry at an additional pointpB.

Boundary path integral.In this paper, we focus on the estimation
of the boundaryintegral in Eq.(5), which we now explain in more
detail.

This integral is over theboundary path space m̂
 containing
boundary paths �pm= ¹p0•p1• ” ” ” •p# º 2 
̂ such that exactly one
vertex p  (for some0 �  Ÿ # ) is a jump discontinuity of the
mutual visibility V¹p  $ p  ¸ 1º with p  ¸ 1 �xed. In this case, the
boundary segment p  p  ¸ 1 is tangent to the scene geometry
B = M¹ \ 0º at a single pointpB (see Figure 2). Additionally, the
measure¤̀associated with the boundary path space satis�es that
d¤̀¹ �pmº = d� ¹p  º

Î
=< d� ¹p=º, where� denotes the curve-length

measure.
Lastly,+ ¹p  º is thescalar normal velocity de�ned as

+ ¹p  º = nm¹p  º � m\ p  • (6)

wherenm¹p  º denotes the unit normal of the visibility boundary at
p  . Please refer to the work by Zhang et al. [2020] for more details
on the evaluation of the derivativem\ p  .

4 OUR METHOD
We now present our technique. In Ÿ4.1, we derive our formulation
that expressesboundarypath integrals asinterior ones using kernel-
density estimation. Then, in Ÿ4.2, we introduce a consistent Monte
Carlo estimator based on the new formulation.

4.1 Our Formulation
As stated in Ÿ3, theboundaryintegral in Eq.(5)is de�ned over the
boundary path spacem̂
 , which consists of boundary paths in which
exactly one segment is restricted to a visibility boundary.

We decompose the boundary path space into disjoint subspaces
f m̂
 #• : # ¡ 0 and0 �  Ÿ # gwherem̂
 #• contains boundary
paths �pm= ¹p0• ” ” ” •p# º with # segments andp  p  ¸ 1 being the
boundary segment. Then, it holds that

�bnd :=
¹

m
̂
5¹ �pmº+ ¹p  º d¤̀¹ �pmº

=
1Õ

# =0

# � 1Õ

 =0

¹

m
̂ # • 

5¹ �pmº+ ¹p  º d¤̀¹ �pmº”
(7)

Fig. 3. We approximate the general impulse functionX� B ¹p  ¸ 1º , which
restricts surface integrals to the visibility-discontinuity curves� B ¹p ¸ 1º
(shown in dark gray), by a sum of 2D kernelsK ¹� ; -  •8 º centered at points
-  •8 on the boundary (shown as blue discs) for8= 1•2• ” ” ” • ".

In the following, we introduce a consistent approximation for indi-
vidual integrals on the right-hand side of this equation.

Speci�cally, we �rst rewrite eachboundaryintegral as aninterior
one with a generalized impulse function:

¹

m
̂ # • 

5¹ �pmº+ ¹p  º d¤̀¹ �pmº

=
¹

B# ¸ 1
5¹ �pº+ ¹p  º X� B ¹p ¸ 1º ¹p  º d` ¹ �pº• (8)

where� B¹p  ¸ 1º � B denotes the visibility boundaries on which
p  must reside, andX� B ¹p ¸ 1º is the generalized impulse function
that turns an area integral ofp  into one over the curves� B¹p  ¸ 1º.

In what follows, we express the generalized impulse function as
conventional Dirac delta functions before softening them. We con-
sider a tubular neighborhood (see Figure 3) of the curves� B¹p  ¸ 1º
parameterized withq de�ned on R � ¹� n• nº for some smalln ¡ 0
such thatq¹B•0º is an arc-length parameterization of� B¹p  ¸ 1º.
Then, since the impulse functionX� B ¹p ¸ 1º restricts the integral
over pointsq¹B• Cº with C= 0, it holds that

X� B ¹p ¸ 1º ¹q¹B• Cºº = X¹Cº � ¹B• Cº =
¹

R
X¹Cº X¹B0 � Bº � ¹B• CºdB0• (9)

where � ¹B• Cº := kd� ¹q ¹B•Cº º•dBdCk is the Jacobian term associated
with the parameterization.

In this paper, we focus on scene geometries expressed explic-
itly using polygonal meshes. In this case, the visibility boundaries
� B¹p  ¸ 1º are piecewise linear, allowing their tubular neighbor-
hood to be parameterized with the Jacobian term� ¹B• Cº � 1 for all
BandC. Under this setting, we now soften the Dirac delta functions
on the right-hand side of Eq.(9)using some smooth 1D kernel (e.g.,
Gaussian)K1 that is centered at the origin, resulting in

¹

R
X¹Cº X¹B0 � Bº dB0 soften

�����!
¹

R
K1¹Cº K1¹B0 � Bº dB0” (10)

Estimating the right-hand side using Monte Carlo integration yields

¹

R
X¹Cº X¹B0 � Bº dB0 �

1
"

"Õ

8=1

1
% •8

K1¹Cº K1¹B •8 � Bº• (11)

where B •8 are randomly sampled with the probability% •8 for
8= 1•2• ” ” ” • ". Letp = q¹B• Cº be a point within the tubular neigh-
borhood for someB2 R andC2 ¹� n• nº. Substituting Eq.(11)into
Eq.(9)leads to an approximation of the general impulse function
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Fig. 4. The integrand of our reformulatedboundarypath integral (15)
involves a summation over all path segments. In this example, for a path�p =
¹p0•p1•p2•p3º, we illustrate the segment contributions forp2 p3 (le�) and
p1 p2 (right) using" = 3kernels. For the segmentp2 p3, the kernels (shown
as orange discs) are centered at- 2•1•- 2•2, and- 2•3, randomly drawn from
the visibility boundary� B ¹p3º and evaluated atp2. Similarly, the segment
p1 p2 uses kernels centered at- 1•1•- 1•2, and- 1•3, randomly drawn from the
visibility boundary� B ¹p2º and evaluated atp1.

X� B ¹p ¸ 1º :

X� B ¹p ¸ 1º ¹pº �
1
"

"Õ

8=1

K¹ p; -  •8 º

% •8
• (12)

where-  •8 := q¹B •8 •0º are points on the boundary� B¹p  ¸ 1º, and

K¹ q¹B• Cº; -  •8 º := K1¹Cº K1¹B •8 � Bº (13)

is an isotropic 2D kernel centered at-  •8 (see Figure 3).
Then, substituting Eq. (12) into Eq. (8) produces:

¹

m
̂ # • 

5¹ �pmº+ ¹p  º d¤̀¹ �pmº

�
¹

B# ¸ 1
5¹ �pº

 
1
"

"Õ

8=1

+ ¹-  •8 º
K¹ p  ; -  •8 º

% •8

!

d` ¹ �pº•

(14)

where+ ¹p  º on the right-hand side is replaced with+ ¹-  •8 º since
the scalar normal velocity+ is well de�ned only on the visibility
boundary� B¹p  ¸ 1º.

Lastly, according to Eqs.(7)and(14), we can approximate the full
boundaryintegral in Eq. (5) as aninterior one:

�bnd �
¹


̂
5¹ �pº

 
1
"

# � 1Õ

 =0

"Õ

8=1

+ ¹-  •8 º
K¹ p  ; -  •8 º

% •8

!

d` ¹ �pº”

(15)
This reformulated integral(15)is de�ned over theinterior of the
material path spacê
 = 
 ¹\ 0º. For each path�p = ¹p0• ” ” ” •p# º, the
integrand is given by its measurement contribution5¹ �pº modulated
by a summation over all path segments (as illustrated in Figure 4).

4.2 Our Estimator
Evaluating the right-hand side of Eq.(15)requires sampling points
f -  •8 : 8= 1•2• ” ” ” • "g along the visibility boundaries� B¹p  ¸ 1º
for each0 �  Ÿ # , which is a nontrivial task.

Fig. 5. To sample points-  •8 along the visibility boundaries� B ¹p ¸ 1º,
we instead draw pointspB

8 along face edges during pre-computation and
obtain -  •8 by tracing a ray (shown in green) fromp ¸ 1 through pB

8 . At
runtime, to quickly identify the edge pointspB

8 near the segmentp ¸ 1 p ,
we build an acceleration structure (e.g., a BVH) over these points and query
for those lying within a cone (shown in red).

To address this problem, we note that the visibility boundaries
� B¹p  ¸ 1º are the projection of some silhouettes with respect to
the point p  ¸ 1. Under our assumption of polygonal-mesh-based
scene geometry, such silhouettes consist of edges separating front-
and back-facing faces. We observe that the pointp  is close to the
visibility boundary � B¹p  ¸ 1º if and only if the segmentp  p  ¸ 1
is close to some pointpB on a silhouette face edge. Thus, for each8,
we instead samplepB

8 uniformly over the face edges and let-  •8 =
rayIntersect¹p  ¸ 1 � pB

8 º be the intersection between the ray from
p  ¸ 1 toward pB

8 and the scene geometryB (see Figure 5). Then,
using a relation derived by Zhang et al. [2019], it holds that

% •8 =
1
�

kpB
8 � p  ¸ 1k

k-  •8 � p  ¸ 1k
sin\ B

sin\ Sj cos\ D j
• (16)

where � denotes the total length of face edges. Additionally,\ B

and\ S denote the angles between the direction
�����!
-  •8 pB

8 and, respec-
tively, the edge containingpB

8 and the tangent of visibility boundary

� B¹p  ¸ 1º at -  •8 ; \ D indicates the angle between
�����!
-  •8 pB

8 and the
surface normal at-  •8 .

In practice, we set the kernel as a uniform disc function:

K¹ p  ; -  •8 º :=

(
1•cA2 if kp  � -  •8 k Ÿ A,

0 otherwise,
(17)

whereAis a hyperparameter indicating the disc radius. In addition,
to accelerate the computation of-  •8 , we intersect the rayp  ¸ 1 �
pB

8 against only the plane containingp  (instead of the entire
scene geometryB). Since the scene geometry is piecewise planar
and p  needs to be very close to-  •8 to have a non-negligible
contribution, we did not observe any signi�cant bias introduced by
this approximation.
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Fig. 6. Kernel re-normalization: (Top) Our derivation in Ÿ4.1 assumes
that each vertexp of a light path is sampled over the entire scene ge-
ometry B. (Bo�om) In contrast, practical path-sampling strategies such
as unidirectional path tracing typically drawp only from the sub-region
visible top ¸ 1 (shown in light green). In this case, we re-normalize each
kernel K ¹� ; -  •8 º using the area�  •8 of the intersection between the disc
and this visible sub-region (shown in dark green).

Our full algorithm.Based on the discussions above, we introduce a
two-stage algorithm to estimate theboundaryintegral using Eq.(15)
as follows.

During the �rst pre-computationstage, we sample" points f pB
8 :

8 = 1•2• ” ” ” • "g uniformly over all face edges, and then build an
acceleration structure (e.g., Kd-tree) for these points.

During the secondrun-time stage, we perform standard algo-
rithms (e.g., unidirectional path tracing) to sample light paths. For
each path�p = ¹p0• ” ” ” •p# º, we evaluate the right-hand side of
Eq. (15)by examining each segmentp  p  ¸ 1 (for 0 �  Ÿ # ).
Since iterating over all the edge pointspB

8 generated in the �rst
stage is usually impractical, as illustrated in Figure 5, we search for
those inside a cone with the apexp  ¸ 1 and axis�������!p  ¸ 1p  using the
acceleration structure (and compute the corresponding-  •8 using
ray intersection). The angle of this cone is determined based on
the length of the segmentp  p  ¸ 1 and the hyperparameterAin
Eq. (17).

Silhouette checks.We recall that, to obtain the points-  •8 over
the visibility boundaries� B¹p  ¸ 1º, we need the correspondingpB

8
to be located on silhouettes with respect top  ¸ 1. To ensure that
this is indeed the case, for eachpB

8 inside the cone, we only consider
it valid if �

n1 � �������!p  ¸ 1p  

� �
n2 � �������!p  ¸ 1p  

�
Ÿ 0• (18)

wheren1 andn2 are, respectively, the outward normals of the two
faces that share the edge containingpB

8 .

Kernel normalization.Our previous derivation integratesp  over
the entirety of the scene geometryB. On the other hand, when sam-
pled using standard methods like path tracing,p  will be restricted
to points visible top  ¸ 1. To ensure that our kernelK¹� ; -  •8 º re-
mains normalized under this setting, we re-normalize it by letting

K¹ p; -  •8 º =

(
� � 1

 •8 if kp � -  •8 k Ÿ A,

0 otherwise,
(19)

where�  •8 denotes the area of the sub-region inside theA-radius
disc centered at-  •8 that is visible top  ¸ 1, as illustrated in Figure 6.
In practice, since the visibility boundary� B¹p  ¸ 1º is piecewise
linear, we approximate�  •8 using half the area of the disc (i.e.,
�  •8 � cA2•2). Although this approximation breaks down when-  •8
is located near a vertex of the visibility boundary� B¹p  ¸ 1º, we
found the resulting error to vanish as long as the kernel sizeAis
su�ciently small, as we will demonstrate in Figure 7.

Full estimator.Putting everything together, we obtain the follow-
ing estimator for theboundaryintegral:

h�bndi =
5¹ �pº

pdf¹ �pº

©
­
­
«

1
"

# � 1Õ

 =0

Õ

pB
8

+ ¹-  •8 º
K¹ p  ; -  •8 º

% •8

ª
®
®
¬

• (20)

where: the light path�p is sampled using standard methods (e.g.,
unidirectional path tracing) with the probability densitypdf¹ �pº;
% •8 andK¹ p  ; -  •8 º are given by Eqs.(16)and(19), respectively;
and the summation ofpB

8 is over all valid pre-sampled edge points
within the cone with the apexp  ¸ 1 and axis�������!p  ¸ 1 p  .

Consistent Estimator.Following Knaus and Zwicker [2011], we
obtain a consistent version of our estimator by running multiple
iterations of the algorithm while progressively reducing the kernel
size. Speci�cally, we update the kernel size following

AÇ 1 = AC

r
C¸ U
C¸ 1

(21)

for each iterationC, whereU 2 ¹0•1º is a user-de�ned hyperparame-
ter to control the rate of radius decay. At each iterationC, we apply
the aforementioned algorithm with radiusAC to compute Eq.(20)as
h�bndiC, and the �nal boundary integral is computed as an average
across all iterations

h�bndi �nal =
1
)

)Õ

C=0

h�bndiC” (22)

In practice, this is computed by keeping a running average and
progressively updating the gradient values. We further provide a
proof of consistency in the supplemental materials, and a validation
experiment in Ÿ5.1.

5 RESULTS
In the following, we describe our implementation details and then,
in Ÿ5.1, conduct ablation studies and validate our method. Additional
results are presented in Ÿ5.2.

Implementation Details.We implement our technique presented
in Ÿ4 on the CPU using theEnzymeautomatic di�erentiation frame-
work [Moses and Churavy 2020], and on the GPU based onFal-
cor [Kallweit et al. 2022]. The algorithm runs in two stages. In the
pre-computation stage, we build a simple edge distribution similar to
prior methods, and sample a set of edge points. The sampled points
are stored as spheres with a radius equal to the search radius in a
BVH structure. In our implementation, we use the BVH interface
provided by Embree and a custom intersection �lter for this purpose.
In the run-time stage, we search for all edge points inside a cone by
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Con�guration Forward

(a1) Exact (a2) Approx. (b1) Exact (b2) ApproxReference

-0.4

0.4

LargeA(10%) SmallA(2%)

Fig. 7. We conduct anablation to study the e�ect of the kernel sizeA
on the accuracy of our approximation�  •8 � cA2•2: (a1) largeA (10% of
the triangle size) with exact�  •8 ; (a2) largeAwith the approximated�  •8 ;
(b1) smallA(2% of the triangle size) with exact�  •8 ; (b2) smallAwith the
approximated�  •8 . The approximation error vanishes asAdecreases.

running an Any-Hit intersection query to collect all intersections
between a path segment and the points (spheres) generated in the
�rst stage. Intersections that do not lie inside the cone or fail the
silhouette test are excluded, and we use the remaining valid particles
to compute the edge contribution.

Baselines.We compare against four state-of-the-art baselines:
walk-on-sphere-based warped-area sampling (WOS-WAS) [Wu et al.
2025], projective sampling [Zhang et al. 2023], quadric-based silhou-
ette sampling [Soroka et al. 2025], and MCMC-based sampling [Xu
et al. 2024]. Of these,WOS-WASreparameterizes theboundarypath
integral using the divergence theorem, while the other three directly
sample boundary paths. ForWOS-WAS, we only compare the gra-
dient images, as the inverse rendering code was not provided. We
also observe thatWOS-WASsu�ers from abnormally high variance
when handling secondary boundaries in mirrors.

Equal-sample comparisons.The baselines are implemented on
very di�erent rendering systems: projective sampling usesMitsuba
3 [Jakob et al. 2022]; quadric-based silhouette sampling usesRed-
ner [Li et al. 2018];WOS-WASusesFalcor[Kallweit et al. 2022]; and
MCMC uses the sameEnzyme-based CPU codebase as our method.
Therefore, we opt for equal-sample comparisons to better compare
the algorithms (rather than rendering systems).

We note that, if implemented on the same system, our method
would most likely cost the least amount of time per path sample.
To provide an example, the teaser scene took projective sampling,
WOS-WASand our method 2.9s, 4.8s, and 0.4s to render at 4spp on
the GPU, respectively.

5.1 Ablations and Evaluations
Ablations.We conduct an ablation (Figure 7) to study how the

kernel radiusAa�ects the accuracy of our approximation�  •8 �

cA2•2 used when re-normalizing the kernels via Eq.(19). To this
end, we compare derivative images of the cast shadow of a simple
triangle (shown at the top of the �gure), focusing on the shadow
cast by a sharp corner, where the approximation is most likely to
break down.

When the kernel size is large (10%relative to the triangle size),
using our technique outlined in Eq.(20)with the ground-truth
(i.e., non-approximated) area�  •8 su�ers from high bias emerging
from the kernel-density estimation (Figure 7-a1). When using our
approximated�  •8 , the bias further increases (Figure 7-a2). This is
expected because larger kernels are more likely to contain vertices
of the visibility boundary.

When the kernel size is small (2%relative to the triangle size),
the derivatives contain signi�cantly lower bias (Figure 7-b1). With
the approximated�  •8 , the bias remains roughly at the same level
(Figure 7-b2), indicating that our approximation of�  •8 performs
well.

Validation.In Figure 8, we validate the consistency of our estima-
tor. Starting from a large kernel size (10%of the object size), we run
our consistent estimator from Ÿ4.2 for multiple iterations at 4 spp
per iteration, and observe convergence to the reference image as
the number of iterations increases.

5.2 Additional Results
To further demonstrate the e�ectiveness of our method, we compare
parameter-space gradients and inverse-rendering results generated
with our method and the baselines.

Con�gurations.We use two scene setups,shadowandmirror, for
the experiments in this subsection. In theshadowcon�guration,
the camera observes the cast shadow of the object. Themirror
con�guration, on the other hand, has a di�use object located next to
a mirror. The camera observes the specular re�ection of the object.
Both setups follow existing works [Zhang et al. 2023; Soroka et al.
2025; Xu et al. 2024] to emphasize the secondary boundary integral.

For all experiments in this subsection, we useU = 0”3 and) = 4
for the consistent estimator, and set the initial kernel radius to be
around2%of the size of the object. We �nd this hyperparameter
choice to be robust across all the scenes that we have tested.

Gradient Images.We visualize the gradient imagesd�•d) produced
by our method and baselines in Figure 9. The experiment is con-
ducted on bothshadowandmirror setups with di�erent geometries.

We further test our algorithm in complex indoor scenes in Fig-
ure 10. The scenes require multiple bounces and contain complex ge-
ometries, yet our method remains robust and produces high-quality
gradients.

Parameter-space gradients.We evaluate parameter-space gradi-
entsdL•d) of some lossL estimated by our method and the baselines
in Figure 11, using the shadow con�guration. In this experiment,
the parameters) represent individual vertex positions of the object
mesh.

We note that, according to the chain rule, it holds thatdL•d) =
¹dL•dOº ¹dO•d) º, whereOdenotes the image rendered using) . Since
we do not yet have speci�ed target images needed to evaluate the
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(a)Forward (b)Ours () = 1) (c)Ours () = 4) (d)Ours () = 32) (e)Reference (f) RMSE plot

-4.0

4.0

Fig. 8. We validate the consistency of our method by gradually increasing the number of iterations) and tracking the RMSE. The log-log plot (f) shows that
our estimate converges to the reference (e) as) increases. Panels (b)�(d) visualize the corresponding decrease in bias.

(a)Forward (b)Reference (c)Ours (d)Quad. (e)Proj. (f) MCMC (g)WOS-WAS

Lu
cy

-3.5

3.5

RMSE: 0.249 0.332 0.260 0.446 0.529

C
ha

nd
el

ie
r

-25.0

25.0

RMSE: 1.91 40.25 3.25 18.74 1665.10

vb
un

ny

-45.0

45.0
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Fig. 9. We evaluate the e�iciency of our method with an equal-sample di�erentiable rendering experiment. Thelucy experiment uses the shadow setup,
while chandelier andvbunny use the mirror setup. Despite the complex geometry and visibility, our method consistently outperforms the baselines across
all three experiments.

lossL and its gradientdL•dO, we instead setdL•dO to an all-one
vector and estimatedO•d) using our method and the baselines.

We visualize in Figure 11 the magnitude of gradients with respect
to per-vertex positions on a UV map. Our method produces low-
variance gradients with almost negligible bias, whereas the baseline
methods exhibit substantially larger noise.

Inverse-rendering results.We compare inverse-rendering results
generated by projective sampling [Zhang et al. 2023], quadric-based
silhouette sampling [Soroka et al. 2025], and our method under
the mirror con�guration with several target shapes in Figure 12.
We initialize the shape of the object using a sphere with 40,000
vertices and use 40 target images for the optimizations. Remeshing
is applied every 500 iterations for all methods. Although our method
runs faster than the baselines, we use equal sample counts here to
give a conservative assessment of the convergence behavior; timing

statistics are reported in Figure 12 for reference. Themirror setting
poses a signi�cant challenge due to the use of higher-tessellated
geometries and the presence of specular inter-re�ection. In this
regime, our method o�ers a new level of robustness, consistently
achieving faster convergence than the baselines.

6 DISCUSSION AND CONCLUSION
Limitations and future work.As shown in Figure 13, our method

can exhibit high variance when derivatives are dominated by ex-
tremely soft shadows or rough re�ections. Using themirror setting,
we render gradient images with increasing roughness: our advan-
tage gradually vanishes and eventually falls behind the projective
sampling [Zhang et al. 2023] baseline. Fortunately, practical inverse-
rendering con�gurations rarely rely on such e�ects, which typically
carry too little information for reconstruction.
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Fig. 10. We show the performance of our method on complex indoor scenes. Our method produces gradient images that closely match the finite-di�erence
reference. Note that the high-variance region are on the surface of the moving object, which is typically handled by the interior term or pixel boundary and
is orthogonal to our method. We further highlight regions dominated by the boundary integral and compare our result against the reference, projective
sampling [Zhang et al. 2023], and WOS-WAS [Wu et al. 2025].

(a)Param. Gradient (b)Reference (c)Ours (d)Quadric (e)Projective (f) MCMC (g)WAS-WOS

V
as

e

Fig. 11. We comparegradients dL•d) with respect to individual vertex positions , obtained (withdL•dOset to the all-ones vector) using our method (c),
�adric-based Sampling [Soroka et al. 2025] (d), Projective Sampling [Zhang et al. 2023] (e), MCMC-based Sampling [Xu et al. 2024] (f), and WOS-WAS [Wu
et al. 2025] (g). We visualize the magnitude of the gradient vector at each vertex of the sphere by projecting it onto a UV map.

Additionally, our formulation assumes piecewise planar geome-
try; generalizing it to smooth surfaces is an interesting direction for
future research. Lastly, our estimator relies on unidirectional path
tracing; extending it to bidirectional path tracing (BDPT) would
further improve robustness for complex e�ects such as caustics.

Conclusion.We introduced a new formulation that leverages
kernel-density estimation to rewriteboundarypath integrals as

interior ones, and developed a consistent Monte Carlo estimator for
the rewritten integrals. We demonstrated its e�ectiveness against
state-of-the-art direct sampling [Zhang et al. 2023; Xu et al. 2024;
Soroka et al. 2025] and reparameterization [Wu et al. 2025] meth-
ods on a variety of synthetic di�erentiable and inverse rendering
examples.
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